Referenda and Partial Commitment in Policy Making *

Carl Heese |

We study quasi-referenda: two-stage decision processes in which a large num-
ber of privately informed agents each answer a binary question, and their collective
response constrains the policy options from which a principal must then choose.
Across all quasi-referenda, our analysis singles out procedures in which the collec-
tive acts as a gatekeeper that authorizes or blocks an extreme policy while other-
wise delegating choice to the principal. These procedures maximize the principal’s
payoff guarantee (the worst-case payoff across all equilibria and information struc-
tures) within the class of all quasi-referenda, and when the policy space is fine, they
robustly yield near-full-information outcomes. Our results provide a rationale for
referenda used in practice and, more broadly, highlight commitment as an important

dimension of political institutions.

Many collective decision processes, such as referenda or polls, serve not to specify a
single policy to be implemented, but rather to reshape the space of policies available—
opening the door to certain actions, blocking others. The final decision is left to a
principal, who is free to select any policy within the constraints imposed by the agents.

For example, shareholders in a company may vote in a cap referendum to set a ceiling
on executive pay, while leaving the design of the final pay package to the board. Similarly,
in local public finance, citizens can vote on a cap override to determine whether officials
may exceed a statutory spending limit, but leave the details of the budget to the officials.
In other contexts, gateway referenda may trigger a departure from the status quo without
committing to a specific alternative, as in Italy’s abrogative referenda, which repeal an
existing law or part of it without specifying the replacement, or as in constitutional
referenda authorizing constitutional revision.!

This paper develops a theory of such decision processes, which we call quasi-referenda.

In a quasi-referendum, each of a group of agents takes a binary action (e.g., casts a yes/no
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vote); the principal observes the collective action (the average m of the individual actions);
and m determines a set Q(m) of feasible policies from which the principal then chooses.
(For instance, in the shareholder example, Q(m) excludes all pay packages above the cap
unless m meets a certain cutoff.)

We allow the mapping @) to be arbitrary as long as it exhibits the defining feature of
partial commitment: Q(m) contains more than one policy, so that the collective action

2 Our paper therefore studies collective

constrains but does not specify the outcome.
decision processes under partial commitment. This shifts attention away from the familiar
polar cases of full-commitment voting rules and non-binding cheap talk and toward the
general question of how commitment affects policy outcomes.?

The main results provide a rationale for minimal commitment. In minimal-commitment
processes, the collective acts as a gatekeeper for a single policy, being able to block or
authorize only this policy. In the environments we study, we formalize a dual role of
minimal commitment: it sustains robust aggregation of the agents’ private information
while it minimizes the principal’s exposure to their coordination problems. As a result,
the principal’s worst-case outcomes are optimized. Gateway referenda and certain cap
referenda emerge as the leading examples of minimal-commitment processes.

The baseline model considers a linear policy environment with common preferences
under full information. A principal must choose a policy level x from a finite, ordered
policy set. The policy has a common linear cost ¢ - z and a common linear benefit w - x
that depends on an unknown binary state (w € {0,1}).* The principal would like to
condition her policy choice on the state (choosing high x when the state is 1 and low
x when the state is 0), but she does not observe the state. She therefore consults a
population of N agents (where N is large) who hold private information in the form
of noisy (conditionally independent) signals and heterogeneous prior beliefs. The agents
participate in a quasi-referendum which results in a set of feasible policies for the principal
to choose from.

The paper proceeds in four parts. The first two develop the logic behind the main
results by identifying the coordination failures arising from partial commitment and char-
acterizing when quasi-referenda robustly aggregate information. The third presents the

main results on minimal commitment. The fourth discusses robustness and extensions.

IThe same logic characterizes city-level votes to initiate a planning process and neighborhood refer-
enda to authorize redevelopment, as in the UK.

2We also study generalized quasi-referenda, which allow for commitment to either the status quo or
a non-singleton set of policies. These decision processes formalize gateway referenda.

3(Classic work on the Condorcet jury theorem studies voting rules that commit to a fully specified
outcome as a function of votes, whereas cheap talk models assume no commitment. See, e.g., Austen-
Smith and Banks (1996), Feddersen and Pesendorfer (1997), Bhattacharya (2018), and Krishna and
Morgan (2012) for seminal contributions to the Condorcet jury theorem literature, and Wolinsky (2002),
Morgan and Stocken (2008), Battaglini (2017), and Levit and Malenko (2011) for the cheap talk literature.

4Linearity is a standard assumption; compare for example to the classic public-goods formulation
with linear cost and benefit in Ledyard and Palfrey (1999).



Partial commitment creates a strategic environment in which each agent has two
incentives. His action transmits information and thereby affects the principal’s posterior
beliefs; but it can also influence the set of feasible policies. In the first part of the paper,
we show that the interaction of these two incentives gives rise to two coordination failures,
that is, to two types of inefficient equilibrium sequences in which the agents miscoordinate
on how to use their collective influence.

The first of these is as follows. One might expect that when the principal and the
agents are largely aligned in their preferences, informative behavior leads to efficient
outcomes. We show that this need not be the case: Near-truthful behavior often arises in
equilibrium, with almost all agents matching actions to signals; however, such equilibria
can be inefficient, because the agents’ collective action may rule out the ex-post optimal
policy (Proposition 1).

The logic is easiest to see in a simple example. Suppose that in state 1 the highest pol-
icy is ex-post optimal, in state 0 the lowest policy instead, and that the quasi-referendum
restricts the principal to low policies unless the collective action m exceeds a high cutoff—
say, 85%—and to high policies otherwise. If the agents’ private information is informative
but not too precise, then even in state 1 only a moderate majority of agents (say, around
60%) will receive a signal favoring high policies, so m misses the threshold with probabil-
ity approaching one, as N — oo. Thus, even though the collective action is informative
enough for the principal to learn the state (as N — 00), the induced constraint prevents
her from acting on what she learns.

A second coordination failure arises if the principal is perceived as biased. In many
applications, the agents may believe that the principal’s prior is systematically too con-
servative (or too aggressive) relative to a large part of the population. In that case, the
agents may use the quasi-referendum not primarily to inform the principal, but to disci-
pline her anticipated use of discretion by shifting the constraint she will face ex post. Our
next result formalizes this logic. We consider a broad class of quasi-referenda in which
the feasible policies (Q(m) increase monotonically at cutoff points. We show that when
a sufficiently large share of agents is more optimistic about the value of the policy than
the principal, any such quasi-referendum admits equilibrium sequences with disciplining
behavior: Many agents choose the pro-policy action even when their private information
points against it, in order to counteract the principal’s bias. With a large population
(N — o0), m concentrates above the highest cutoff, so the set with the highest feasible
policies is selected with probability approaching one (Proposition 2). In the example of
the previous paragraph, with a cutoff of 85%, this prevents the principal from choosing
low policies, so outcomes are inefficient in state 0.

Ex-post efficient equilibrium sequences often also exist (e.g., in the 85% example),
but they require more delicate coordination than near-truthful or disciplining behavior.

Both inefficiencies above thus demonstrate genuine failures to coordinate efficiently.



In the second part of the paper we characterize the informativeness of quasi-referenda.
Despite the incentives for strategic exaggeration, quasi-referenda can still be robustly in-
formative: In many quasi-referenda, the principal learns the state from the collective
action along every equilibrium sequence, uniformly across a broad class of admissible
information structures. We provide a sharp characterization of when this robust infor-
mation aggregation obtains for an important class—monotone quasi-referenda with a
single cutoff (Proposition 3). This result will imply that very limited commitment can
be sufficient for learning, making minimal commitment procedures viable.

In the third part of the paper, we present the main results. We compare quasi-
referenda in terms of their robustness. Our yardstick of comparison is the principal’s
payoff guarantee: her worst-case payoff across all equilibria and all admissible distribu-
tions of priors and signals. This is a natural benchmark given the equilibrium multiplicity
induced by partial commitment and the possible coordination failures, which are a com-
mon concern in the information aggregation literature (see, e.g., Ekmekei and Lauermann,
2020, and Ali, Mihm and Siga, 2025).

Across our broad class of quasi-referenda, we obtain a sharp performance ranking, led
by two simple procedures: collective vetoes of the mazimum (specific cap referenda) and
gateway referenda. Their common feature is minimal commitment, where the collective
acts as a gatekeeper for one polar option—either the maximal policy or the status quo—
while deliberately leaving the choice between the remaining alternatives to the principal.

Under a collective veto of the maximum, the maximal policy is excluded if m falls
short of a given cutoff; otherwise, the principal has full discretion. We show that collective
vetoes of the maximum maximize the principal’s payoff guarantee. When the policy space
is fine, they even yield near-full-information outcomes in every equilibrium (Theorem 1).

The key to this result is how commitment affects both information transmission and
exposure to the agents’ coordination issues. With no commitment, actions are pure cheap
talk, and babbling equilibria without any information transmission exist. With strong
commitment—as in the 85% example above—miscoordination can leave the cutoff unmet,
forcing the principal to make a quite inefficient choice. A collective veto of the maximum
threads this needle via minimal commitment. The existence of some commitment makes
the collective action consequential and thus robustly sustains learning (as Proposition
3 implies). On the other hand, the process leaves the principal almost full discretion,
thereby minimizing exposure to coordination failures. At worst, coordination failures
may rule out the maximum; when the policy grid is fine, this yields only a negligible loss.

A gateway referendum enforces the status quo if the collective action falls short of a
certain cutoff; otherwise, it excludes the status quo but leaves the principal full discretion
in choosing the alternative. To encompass these institutions, we generalize our definition
of quasi-referenda to allow singleton commitment to the status quo (Q(m) = {x;}) while

maintaining non-singleton commitment sets Q)(m) otherwise. Gateway referenda satisfy



a theorem analogous to Theorem 1: The gateway referendum with the simple-majority
cutoff m; = % maximizes the principal’s payoff guarantee among all generalized quasi-
referenda, and it robustly yields near-full-information outcomes when the policy space is
fine (Theorem 2).

In the fourth part of the paper, we discuss robustness and several extensions. In
Section 5.1, we provide conditions under which our optimality results persist under a
weaker robustness criterion that fixes the information structure and takes the worst case
only across equilibria. In Sections 5.2 and 5.3, we relax the assumptions on preferences.
In Section 5.2, we expand the model to include a preference aggregation problem, allowing
groups of agents to have opposing preferences depending on the state.® This allows the
principal’s preferences to conflict with those of some agents even under full information,
thereby aggravating the incentives for strategic behavior. In Section 5.3, we relax the
assumption of linear cost and benefit, instead considering players with ex-ante preferences
that are single-plateau over the policy space. In Section 5.4, we show that the linear
baseline model also has an interpretation in terms of stochastic commitment.

This paper makes two main contributions. First, it provides an analysis of commit-
ment in referenda and related political institutions. A main insight from this analysis
is that minimal commitment may be optimal under realistic informational frictions and
imperfect commitment. Second, the logic of minimal commitment provides a rationale
for two widely used procedures—cap referenda (including collective vetoes) and gateway
referenda. In environments where information is dispersed across a large group but ef-
ficient collective action is difficult to coordinate, these referenda optimally navigate a
central tension between information aggregation and exposure to coordination failures.®

Our model connects the two polar cases of full commitment and no commitment
that have been used in the literature to study formal voting rules (e.g. Feddersen and
Pesendorfer, 1997) and informal political processes such as protests (Battaglini, 2017). We
discuss the related literature and benchmark results in detail in Section 6, and further
related literature in Section 7. In particular, our analysis suggests that coordination
problems may be more central to policy making than the full-commitment benchmark
implies.

Although we study commitment in the context of referenda, the concept admits several
broader interpretations. First, as in Battaglini (2017), commitment can be interpreted as
a measure of how formal a political process is. From this perspective, our results imply

that formality matters less for information aggregation than existing impossibility results

5Models with such preferences have been used to study distributive politics, in which the state of the
world determines which group will benefit from a policy. See Fernandez and Rodrik (1991), Ali et al.
(2025), and Bhattacharya (2018).

6These results are also relevant to current policy debates on democratic innovation (see, e.g., OECD,
2020) and to reforms aimed at expanding citizen participation through alternative institutions, such
as the UK’s Localism Act 2011, which includes neighborhood planning referenda resembling gateway
referenda.



may suggest (see Section 6). Second, commitment can be viewed as capturing how direct
or indirect a democratic institution is. More commitment corresponds to less residual
discretion for the principal and hence to a more direct institution; less commitment corre-
sponds to more discretion and hence to a more indirect one. Third, partial-commitment
processes may be understood as modeling mandates: Collective support confers a de-
gree of political authorization for subsequent action. Stronger support translates into a
broader mandate—that is, a larger set of policies from which the principal may choose—

while weaker support yields a narrower mandate.”

1 Model and Incentives

A policy x needs to be chosen from a finite set of options P = {xy,...,2;} with z; < 25 <
... < x;. To simplify the algebra, we let 1 =0, z; =1, and 29 =1 —x;_1 =€ > 0. The
policy has a common and constant marginal cost of ¢ = %, and a common and constant
marginal benefit given by an uncertain state w € {0,1}. Thus, all players’ payoff from x
in w is

1

xr(w — 5)

There is a principal who has a commonly known prior®

1
§<Pr(w:1)§1—5.
In addition, there is a set of agents {1,..., N} who hold private information.

e First, each agent is a non-strategic partisan with a positive probability and chooses
a prescribed action. This happens with probabilities 0 < p, < %, for the prescribed
actions @ = 0 and a = 1, independent of the state. The partisans imply minimal
noise and trembling-hand perfection (cf. the remark at the end of this section).?

With the remaining probability (1 — p; — pg), each agent is strategic.

e Second, each strategic agent i receives a binary private signal s; € {0,1} drawn

independently from a common distribution conditional on the state, and satisfying

"The idea that officials have mandates to govern, and that these mandates are stronger for officials
with greater support, has been explored before but without modeling a strategic principal; see, e.g.,
Herrera, Llorente-Saguer and McMurray (2019) and Damiano, Li and Suen (2025).

8 The right constraint ensures that the payoffs from an equilibrium without any information trans-
mission cannot be arbitrarily close to the full-information payoffs. The left constraint is without loss.
If instead ¢ < Pr(w = 1) < %, the analogous main results hold. For example, under that condition, a
collective veto of the minimum maximizes the principal’s payoff guarantee within the class of all quasi-
referenda.

9This approach is standard in the existing work on information aggregation, which similarly considers
agents with partisan preferences and only equilibria in which they vote for their preferred policy (see,
e.g., Bhattacharya, 2013; Feddersen and Pesendorfer, 1997). In particular, it allows us to discuss existing
benchmark results within our framework.



0<Pr(si=1|w=0)<Pr(s; =1|w=1) < 1; so, signal 1 is an indication for

state 1 and signal 0 an indication for state 0.

e Third, each strategic agent i holds a private prior belief p; € [0, 1] about the like-
lihood of state 1; we refer to p; simply as the agent i’s type. Types are drawn

independently from a differentiable distribution F' with support [0, 1].

The distributions of the private signals and types (together with py and p;) constitute
an agents’ information structure. Given a quasi-referendum () (defined below), the timing

is as follows.

1. Each agent i observes his private information and takes a binary action a; € {0, 1}.

N .
—Zi]:vl % which we call the collective action,

2. The principal observes the quantity m =
and chooses a policy = € P subject to a constraint ()(m) determined by the quasi-

referendum Q.

A quasi-referendum is a left-continuous mapping from [0, 1] to the set of all non-
singleton subsets of P, with at most finitely many discontinuities, and none at 0. A
quasi-referendum () thus maps a collective action m to a policy set Q(m).1° Every quasi-

referendum () takes the form of a step function; that is,

e there exist a finite number of cutoffs 0 <m; < ... <mr <mgy =1

e and )(m) is constant on [; := [0,m4] and on [; := (m;_y,m;] for j =2,..., R+ 1.

e We denote the constant value on the interval I; by Q.
Given a quasi-referendum (), a principal’s pure strategy is a sequence (x(k))

k=0,...,N

mapping each possible realization m = £ € [0,1] to a policy z(k) € (Q(m)> We allow
for randomization. A symmetric agents’ strategy is a mapping o : [0, 1] x {0,1} — [0, 1],
where o(p, s) represents the likelihood that a non-partisan agent with prior p and signal
s chooses action 1. Strategy profiles are denoted by 7. The analysis that follows focuses
on weak perfect Bayesian equilibria in symmetric agents’ strategies. The presence of

partisans implies trembling-hand perfection (Selten, 1988)—see the online appendix—

and that the mean action for each state is interior, i.e.,

q(w'so) = ((1 —p1— pO)E<a(p,3) | w= w') + p1> € (0,1) for o' €{0,1}.

10The assumption that @ has at most finitely many discontinuities is without loss of generality for
monotone quasi-referenda, i.e., those where min Q(m) and max Q(m) are weakly increasing, since the
policy space P is finite.



1.1 Principal’s Best Responses

The principal’s best response can be described via a single cutoff since it is driven by
monotone Bayesian updating. Upon observing that k of the N agents have chosen action

1, the principal’s posterior is!!

Prw=1]ko N) Prw=1)(
Prw=0]ko,N) Pr(w=0)(

(Lo)\k1—q(l;0)\N-k
g(g((l),a)> (1—2((1);0)) '

If ¢(1;0) > q(0;0), the posterior Pr(w = 1 | k;0,N) is increasing in k. Since the

L

principal’s expected payoff from x is

1
x(Pr(w =1]|kyo,N)— 5),
and since her prior exceeds %, she can be indifferent after at most one k.
This allows us to characterize the best response in terms of a single cutoff k: Either
% < Pr(w = 1lk;0,N) for all 0 < k < N—in which case we set k = N—or there is a
minimal k£ with —1 < k < N such that!?

Pr(w = 1]k;0, N) < = < Pr(w = 1|k + 1;0, N). (1)

N | —

If ¢(1;0) < q(0; ), the posterior is decreasing in k and k is defined analogously.
The principal can only be indifferent at k = k + 1. Any mixed best response thus can
only involve mixing at k = k+1. In the remainder, we only consider principal’s strategies

that are best responses.

1.2 Agents’ Best Responses

Fix a quasi-referendum ) with cutoffs (my,...,mgy1) and a strategy profile . An
agent i’s best response is driven by two incentives. His action transmits information and
thereby affects the principal’s posterior beliefs and her preference (for 0 versus 1) but it
can also influence which choices are feasible ex-post. Importantly, agent ¢’s choice affects
the policy outcome x only if a pivotal event occurs, and what pins down the agents’
incentives is the average effect on policy across multiple pivotal events.

Pivotality depends on the realized number k_; of other agents choosing action 1. Let
piv* denote the event that k_; = k.

e Since the principal’s preference for 0 versus 1 switches at the cutoff k, the events

1

piv'_C and piv’zch are the only ones in which agent ¢’s choice possibly affects the

principal’s preference, and thereby the policy outcome.

H'We typically indicate posteriors of an agent i with the subscript i, e.g., Pr;(w = 1|p; = p, s; = s),
but do not use a subscript for the principal’s beliefs.
12We abuse notation here and set Pr(w = 1|k = —1;0, N) = 0.



e In any event piv® with k = lm;-N] for j =1,...,R," agent i’s choice changes the

policy set available to the principal, and may thereby affect the policy outcome.
e In any other event, agent i’s choice does not affect the policy outcome.

An agent ¢ with signal s; = s and prior p; = p compares the average policy effect in

the two states, weighted by his posterior, and best-responds with action 1 if
Priw=1|pi=p,si=5)U(;n) —Pri(w=0|p;, =p,si=3s) U0;n) >0, (2)

For each state, the average effect U(w'; n) summarizes the effect of his choice across pivotal

events and realized strategies of the principal:

Uw';n) = Z Pr(piv® | w = w';n, N) - r(k) for r(k) = E(a:(k +1)— x(k)\n)
(3)

We denote the pivotal events related to a shift of the principal’s preference by piv, =
pivF U pivF™!, and those related to a change in the feasible policy set by piv; = pivlma-N]

fory=1,...,R.

2 Coordination Failures

We show that in a large referendum, the interaction of the agents’ two incentives gives
rise to two coordination failures, that is, to two types of inefficient equilibrium sequences

in which the agents miscoordinate on how to use their collective influence.

2.1 Approximately Truthful Equilibria

Given any quasi-referendum () and any of its policy sets ();, we construct an equilibrium
sequence in which the chosen policy set is (); with probability converging to 1 as N — oo.
Thus, whenever (); excludes an ex-post optimal policy, i.e., x = 0 or « = 1, the principal

is constrained to choose a suboptimal policy in at least one state.!*

Proposition 1. Consider any quasi-referendum with cutoffs 0 < my; < ... < mg <
mpy1 = 1. Forany 5 =1,..., R+ 1, there exist an agents’ information structure and a

sequence of equilibrium strategies (on)nen for which

]\P_I&Pr(m € liloy,N) =1,

13Here, for any z > 0, |z| denotes the largest non-negative integer that lies weakly below z.

140n the other hand, if Q never excludes z = 1 and also never excludes & = 0, then there is always
an (inefficient) equilibrium without any information transmission: in this equilibrium, all non-partisan
agents choose the same action and the principal chooses the prior-optimal policy = = 1, independent of
the observed collective action.



hence the realized policy set is Qj« with probability approaching one.

As we will show in the online appendix, many quasi-referenda have also efficient equi-
librium sequences for all agents’ information structures. So Proposition 1 shows that the
agents face a coordination problem: They may miscoordinate to achieve an inefficient
equilibrium instead of an efficient one. For comparison, the Condorcet jury theorem
(as in Bhattacharya (2013)) implies that when the principal has unlimited commitment
power, simple majority voting between x = 0 and x = 1 implies efficient outcomes in all
equilibrium sequences as N — oo in our setting. That is, the possibility of miscoordina-
tion is a consequence of the partial commitment of quasi-referenda.

The formal proof of Proposition 1 is in the appendix. Here, we provide a sketch.
The idea of the proof is to construct a sequence of equilibria in “approximately truthful”
strategies. Formally, for 6 > 0, an agents’ strategy o is (0-)approximately truthful if, for
any given realized signal, a share of at least 1 — ¢ non-partisan types match their action to
their signal. Equilibria in approximately truthful strategies (which we call approximately
truthful equilibria) exist for small enough § and some agents’ information structure with

the following two properties. First, the agents’ signals are relatively uninformative:

Pr(s;=1llw=1) = Pr(s; = llw=0) =~ (4)
for small enough v > 0. Second, the agents’ priors are relatively close to the principal’s
prior:

Prp(pi € [p1, Pr(w = 1)]) >1-1, (5)

for a certain bound p;.

The relevance of the two properties is best illustrated by connecting them to the
scenario where the agents’ actions are cheap talk and the prior is common. This is a pure
common-value game, and, as such, it has an equilibrium in which all agents truthfully
match their actions to their signals.

In the following, we sketch how, for small enough parameters v > 0 and § > 0 and
some information structures with the properties (4) and (5), the agents’ incentives given
any approximately truthful strategy approximate those in the common-value cheap-talk
game. As the proof shows, this will imply the existence of an approximately truthful
equilibrium.

The agents’ incentives are driven by the pivotal events piv; corresponding to the
principal’s and quasi-referendum’s cutoffs. In the cheap-talk game, only the principal’s
cutoff k£ and its limit mg := lHimpy_ e % matter for incentives, as N — oo. In a quasi-
referendum, instead multiple cutoffs may be relevant, but the following explains, with an
example, when only m, matters.

Intuitively, a cutoff m; is more relevant in shaping the agents’ incentives when it is

10



closer to the mean action, because in that case, the pivotal event in which the realized
collective action equals the cutoff is more likely. It is therefore key to compare the distance
of mg to the mean action in each state with that of the other cutoffs. We will do this via
a bound M > 0.

1 1
M4
| 4 P ] Pr(s; = ljw = 1)
L-d/4 | | Pr(s; = ljw = 0)
1 1 ms
) e ms
| ] ] mi
: — | Pk, ;

Figure 1: The agents’ information structure, given by the prior distribution F' (left)
and the signal probabilities Pr(s; = 1lw = «') (right). The approximately truthful
equilibrium is given by the types py(0) and py (1) that are indifferent after signals 0 and
1, respectively: An agent i with signal s € {0, 1} chooses a; = 1 if and only if p; > py(s).

Figure 1 depicts an example quasi-referendum and an agents’ information structure
satisfying (4) and (5) for small parameters v > 0 and ¢ > 0. The left panel shows the
distribution of priors, nearly all of whose mass lies between the principal’s prior and
a bound p; < Pr(w = 1) close to it. The right panel shows the signal probabilities
Pr(s; = ljw = 1) and Pr(s; = 1jw = 0).

The signal probabilities are chosen together with the parameter v > 0 so that they lie
in between the quasi-referendum’s cutoffs ms and my, and with relatively large distance
to these cutoffs, compared to ~.

The parameter 6 > 0 is chosen small enough so that any approximately truthful

strategy o has mean actions g(w’; on) so close to the signal probabilities that
q(L;0n) — q(0;0n) > % and |m; — q(w';on)| > M~ for j € {3,4},w € {0,1} (6)

with M > 0 bounding the distance to the cutoffs ms and my4. The left ordering implies
that the principal’s posterior is strictly increasing in the number of observed actions 1.
Her posterior becomes extreme (close to 0 or 1 as N — oo) for observations close to the
mean ¢(0;o0x) or the mean ¢(1;0y), respectively, by an application of the law of large
numbers. Hence, the principal’s best response cutoff (at which her posterior is not far

from %) must lie in between the mean actions, ensuring

mo — lim q(w';on)| <~ for W' € {0,1}.

N—o0

Comparing both displayed equations, one sees that M bounds the relative distance of

11



the principal’s cutoff to the mean actions compared to the referendum’s cutoffs. As the
proof shows, when M is relatively large (as illustrated by the configuration in the figure),
the likelihood ratio of the pivotal events becomes extreme when the number of agents
grows large. The agents become almost certain to influence the principal’s preference for
low versus high policies (and not the policy set she chooses from), conditional on being
pivotal, i.e.

lim Pr;(pivy|piv;on, N) = 1. (7)
N—o0

In other words, the agents’ incentives are almost the same as if their actions were cheap
talk. For small 4 > 0, the players’ prior distribution is close to a common prior, so that
altogether incentives are close to those in the common value cheap-talk game.

The appendix then uses a formal fixed-point argument to construct an approximate
truthful equilibrium, mirroring the truthful equilibrium of the common value cheap-talk
game.

The left panel of Figure 1 shows the equilibrium strategy in terms of its cutoff types,
namely, the agent types py(1) and py(0) that are indifferent after a signal 1 or a signal 0,
with types above the cutoff choosing action 1 and types below action 0. Note that py(1)
lies below the d-quantile and py(0) above the (1 — d)-quantile. Thus, the equilibrium is
d-approximately truthful.

Finally, the mean actions of the equilibrium lie strictly between mgz and my; see (6).
So, the realized collective action is in Iy = (mg, my] and the realized policy set Q4 with
probability approaching one as N — oo, by an application of the law of large numbers.
The proof of Proposition 1 extends the ideas of this example to show that any policy set

Q; of any quasi-referendum can become binding with probability approaching one.

2.2 Disciplining a Biased Principal

Differences between the principal’s and the agents’ priors can as well give rise to ineffi-
ciencies. If the principal is more pessimistic about the possible benefits from the policy
than a sufficient mass of agent types, there are equilibria in which the agents miscoordi-
nate on “disciplining” the principal’s perceived bias: They constrain the principal to the
highest policy range available, given the announced quasi-referendum, with probability
close to 1. To state the result formally, we define p > Pr(w = 1) as the type for which

the type’s posterior likelihood ratio conditional on signal 0 equals the principal’s prior
Pr(s;=1|w=1) Pr(s;=0]w=0)
Pr(s;=1|w=0) Pr(s;=0|w=1)
monotone if both min Q(m) and max Q(m) are weakly increasing.

likelihood ratio multiplied with > 1, and call a quasi-referendum

Proposition 2. Consider any non-constant, monotone quasi-referendum with cutoffs

0<my < ...<mpr< mpgy = 1. There is some § € (mg,1 — pg) such that, when
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p1+ (1 —po— pl)(l — F(ﬁ)) > q, there is a sequence of equilibrium strategies (0N )Nen

for which limy_,o Pr(mg <m | oy, N) = 1.

The proof of Proposition 2 is in the appendix and constructs equilibrium sequences

in which the mean action in both states exceeds the highest cutoff,
mr <7< q(0;0n5) < q(l;0n) —§ for some § > 0. (8)

This way, the highest cutoff becomes almost certainly binding by the law of large numbers,
as the theorem claims.

The proof provides a formal fixed-point argument, showing that the best response is
a self-map on the set of strategies satisfying (8). Here, we sketch it. Take any strategy
satisfying (8) and a best response of the principal to it. Analogous to the argument in the
previous Section 2.1, if ¢ is sufficiently high, the principal’s cutoff is much closer to the
mean actions ¢(w’; o) than the quasi-referendum’s cutoffs. As before, the proof shows
that then, the agents become almost certain to influence the principal’s preference for
low versus high policies (and not the policy set she chooses from), conditional on being
pivotal; i.e. (7) holds.

In contrast to the previous Section 2.1, the principal and the agents’ priors are not
close. The condition p; + (1 — py — p0)<1 - F (ﬁ)) > ¢ means that the principal is
more pessimistic about the possible benefits from the policy than a large mass of non-
partisan types. Consequently, it is not optimal for many agents to truthfully act in line
with their signal. Instead, an agent’s best response arises from the following strategic
reasoning: conditional on the agent’s action changing the principal’s preference for low
versus high policies, the principal must be close to indifferent. Now, if the agent’s prior is
sufficiently higher than the principal’s, regardless of his signal, the agent is not indifferent
but strictly prefers to influence the principal toward higher policies. The proof shows that
indeed all non-partisan types with prior above p best-respond by choosing action 1; the

best response then again satisfies (8), given ¢ < p1 + (1 — po — p1) (1 - F(ﬁ))

3 Information Aggregation

Despite the coordination problems unveiled in the previous two sections, many quasi-
referenda possess robust information aggregation properties. We say that an equilib-
rium sequence aggregates information if the principal learns the state from observing the
agents’ collective action (with probability approaching one, as N — o00).

In this section, we characterize information aggregation for monotone quasi-referenda
with a single cutoff. We identify two elementary properties of such quasi-referenda that
jointly guarantee information aggregation uniformly across equilibria and (admissible)

information structures (Proposition 3 below).
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The first property requires the maximal feasible choice to increase in the collective

action,
max Q(0) < max Q(1).

This rules out pure cheap talk. If the maximal feasible choice were constant, then there
is always a trivial equilibrium without information transmission: all non-partisans choose
the same action, so the collective action conveys no information; the principal then opti-
mally chooses the same maximal feasible policy after every observation (given the prior
preference for high policies); and this makes every agent type indifferent, sustaining the
agents’ uninformative behavior.

The second property rules out a “balanced” split of decision authority between the

principal and the agent body. A single-cutoff quasi-referendum has no balance if

max Q(0) # min Q(1),

and it has balance otherwise. Balance admits equilibrium sequences that do not aggregate

information. For example, consider

{0,...,4} for m <

Y

Q(m) =

NI—= N

{i,...,1} for m >

Because % is feasible on both sides of the cutoff, there exist deadlock equilibria in

which the principal chooses © = % after every observation, even though she updates
her beliefs from the collective action: Once the principal plays such a constant strategy,
all agents are indifferent between all strategies (their action has no effect on the policy
outcome). What matters is that for large N, there is an agents’ strategy that induces

the principal’s constant play as a best response. This way, the strategy together with the

1
2

The agents’ equilibrium strategy has mean actions with 0 < ¢(1;0y) < ¢(0;0y) < %

constant choice x = 5 constitute an equilibrium.

calibrated so that the principal is indifferent when the majority cutoff is just met, i.e.’

N 1
Pr(w:1|k: 15 +1;0N,N) =

Since ¢(1;0n) < q(0; o) the principal’s posterior is decreasing in k. Thus, if she observes
k < L%J + 1, she prefers high policies but can choose at most = = % If she observes
k> L%J + 1, she prefers low policies but must choose at least © = % Thus, it is optimal
for her to choose z = % constantly.

Information does not aggregate, as ¢(0;0x) < % for all N. This way, in state 0, the

realized number k is smaller than L%J + 1 and the principal’s posterior is greater than %,

3The online appendix formally shows existence of such a strategy.
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with a non-vanishing probability. So the principal does not learn the state when it is 0.
To conclude, both properties—no balance and max Q(0) < max Q(1)—are necessary
for robust information aggregation. The following result shows that together they are

also sufficient.

Proposition 3. Consider any monotone quasi-referendum @ with a single cutoff 0 <
my1 < 1 and any agents’ information structure. Information aggregates in all equilibrium

sequences if the quasi-referendum has no balance and max Q(0) < max Q(1).

The characterization is technically very demanding and in the appendix. Below, we
present a sketch outlining the main steps.

First, the condition max Q(0) < max Q(1) rules out the possibility of “uninformative”
equilibria oy, which we define via the property ¢(0;0x) = q(1;0n).

Suppose oy were uninformative. Then the principal learns nothing from the realized
collective action; so her equilibrium choice depends only on feasibility: above the cutoff
she selects the largest element of (1), and below the cutoff she selects the largest element
of Q(0) (given her prior preference for high policies). Because max Q(0) < max @Q(1), an
agent is then pivotal only at the referendum cutoff m;. The uninformativeness of the
equilibrium implies that this pivotal event has the same probability in both states, so any
agent with a uniform prior is indifferent before observing his signal. His best response
(and that of nearby types) is to match action to signal, implying on average higher
actions in state 1, ¢(0;0n) < ¢(1;0x), thereby contradicting the initial assumption of
uninformativeness.

Second, non-balance causes the logic of the deadlock equilibrium to fail. The deadlock
equilibrium is supported by the fact that agents cannot affect the policy outcome. Non-
balance eliminates this possibility: It implies that an agent’s average effect U(w'; ny) on

the policy outcome, given by (3), is non-zero and has the same sign in both states.

Lemma 1. Consider any monotone quasi-referendum Q) with a single cutoff 0 < mq < 1,

no balance and max Q(0) < max Q(1). Any equilibrium ny satisfies

either U(w';ny) >0 for all W' € {0,1},
or U(w'snn) <0 for all ' € {0,1}.

To get an intuition, let us revisit the above referendum with balance, where

1
2
max Q(0) = min@Q(1), and decrease max Q(0). The principal’s best response to the
agents’ deadlock equilibrium strategy is no longer constant: she chooses max Q(0) for
m < my and min (1) for m > my, but these policies do not coincide any longer. The
agents’ actions now affect the policy outcome; an action 1 moves the policy upwards at
the cutoff, so the average effect is positive, U(w’;ny) > 0 for all o’ € {0, 1}.

Lemma 1 implies a simple cutoff form of the agents’ equilibrium strategies. Any agent

trades off the average effect in the two states, weighted by her belief about the states.

15



The agents’ best response characterization (2) entails for each signal s a wnique type

0 < pn(s) < 1 that is indifferent after observing s:

U(0;nn) _ Pri(w=1|p; = pn(s),s = 9) (9)
Ul;ny)  Priw=0]p =pn(s),si=s)

Information aggregation follows once we show that the cutoff types do not drift to the

extremes. In particular, it is enough to establish!®
0 < lim py(1) < lim py(0) < 1. (10)
N—oo N—o0

Then, as N — oo, the mean action differs across signals and thus across the two states.
Since the realized collective action concentrates around the mean action in each state,
the principal learns the state from observing it.

Finally, the key observation underlying (10) is that, under partial commitment, a
hypothetical failure of (10) would generically imply that, conditional on being pivotal,
an agent becomes certain (as N — oo) that he is pivotal for the principal’s preference

for low versus high policies, that is,
lim Pr;(pivy|piv;nn, N) = 1. (11)
N—o0

The intuition is as follows. If (10) failed, then all non-partisans would choose the same

action, implying extreme limit mean actions
lim ¢(0;0,) = lim ¢(1;0n) € {po,1 — p1}
N—oo N—o00

The proof shows that then the principal’s limit cutoff my = limy_. % must coincide
with the limit mean actions. Whenever my ¢ {pg,1 — p1}, it is therefore be much closer
to them than to the referendum’s cutoff m;. As already noted in Proposition 1’s proof
sketch, this relative closeness implies (11).

Given (11), the crucial point is that the principal’s updating from piv, is bounded: It
shifts her prior to a belief close to %, the indifference point. The agents’ updating from
piv, is therefore bounded as well. This, in turn, yields bounds on the limit indifferent
types and hence implies (10).!” In conclusion, (10) holds generically.

The appendix provides the full proof, including that of Lemma 1, the precise com-
parison of pivotal probabilities and the remaining non-generic knife-edge cases in which

cutoff limits may fail to be strictly interior.

8 Throughout, whenever limits of sequences such as py(s) or g(w’; o) are considered, we work along
convergent subsequences; since these sequences lie in compact sets, this is without loss.

. . . . . . U (0; Pr; (pi =0; N
Precisely, limx o0 Pr; (pivy|piv;na, N) = 1 implies UEl;ZZ; ~ P;iggizztzl;zgﬂ;’ and the bounded

. . . . Pr; (pivy|w=0;nn,N . :
updating from pivy, i.e., imy_ Piiggivﬂi:h%w% € (0,00), then implies (10).
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4 Main Results: Robustness of Minimal Commitment

We compare quasi-referenda in terms of their robustness. Our yardstick of comparison
is the principal’s payoff guarantee, the proportion of the full-information payoff that the
principal obtains in the worst-case scenario, as N — oo. Formally, for a quasi-referendum

@, the principal’s payoff guarantee is defined as

G(Q) = inf

(NN )Nen,™

P p—
(lgvﬂgiong(w | w=1;mn, N) - PEEZ :(1)313(90 |w= O;UN,N)),

where we take the infimum over all equilibrium sequences (ny)nen and all agents’ infor-
mation structures 7.8

Our main results characterize quasi-referenda that maximize the principal’s payoft
guarantee; we call them robust-optimal. The characterizations are driven by a common
logic, grounded in the observations from the preceding sections.

On the one hand, some commitment is necessary to make the collective action con-
sequential and thereby sustain information transmission (compare to Proposition 3). On
the other hand, stronger commitment than necessary makes outcomes more vulnerable to
the agents’ coordination failures (compare to Propositions 1 and 2). The robust-optimal
quasi-referenda therefore turn out to use minimal commitment: the collective acts as a

gatekeeper for one polar option, while the principal otherwise retains discretion.

4.1 Collective Vetoes of the Maximum

We first consider the baseline class of all quasi-referenda. In this class, the preceding
logic singles out quasi-referenda in which the collective can exclude the maximal policy
while the principal otherwise retains discretion. We call these collective vetoes of the
mazimum. They are examples of practically important cap-referendum procedures, such
as shareholder votes on remuneration caps and budget- or tax-cap referenda in local
public finance.

Formally, a collective veto of the maximum is a quasi-referendum (@) of the form

Qlm) = PA\A{L} if m < my, 12)

P if m > m;.

8Here, lim inf denotes the smallest accumulation point of a sequence. For any equilibrium sequence

(nn)Nen, the smallest accumulation point of the principal’s payoff is lim inf x_, o0 %(Pr(w =1E(z |w=

Linn,N) = Pr(w = 0)E(z | w = O;nN,N)>. When the principal knows the state, she can achieve

the full-information payoff %Pr(w = 1). Dividing the former quantity by the latter and taking the
infimum over all 7 and (ny)nen yields G(Q). The appendix provides a general equilibrium existence
result, which clarifies that the payoff guarantee of a quasi-referendum is well-defined: For any N, any
quasi-referendum, and any agents’ information structure, an equilibrium exists.
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for some m; € (0,1)." Theorem 1 shows that collective vetoes are robust-optimal.

Theorem 1. Any collective veto of the maximum has a payoff guarantee of 1 — e and is

robust-optimal among all quasi-referenda.

Robust optimality requires balancing two forces. On the one hand, some commitment
is necessary to make the collective action consequential: if a quasi-referendum () never
excludes the maximal policy x = 1, then there are uninformative equilibria in which the
principal chooses x = 1 in both states, as argued in Section 3. This would imply an upper

bound for the payoff guarantee of

(Here the last inequality holds because we assumed the principal’s prior is not extreme,
Pr(w =1) <1 —¢; see Section 1.)%

On the other hand, stronger commitment than necessary increases the principal’s ex-
posure to coordination failures. If a quasi-referendum excludes z = 1 after some collective
action, then Proposition 1 implies equilibrium sequences in which the corresponding con-
strained policy set binds with probability approaching one. Along such sequences, the
principal cannot choose x = 1 in state 1, and therefore chooses at most 1 —¢e. This yields

an upper bound for the payoff guarantee of
GQ)<1l-¢

If the quasi-referendum were to exclude x = 1 and additional policies after some collective
action, the same argument implies an even lower upper bound for the payoff guarantee.

Collective vetoes Q* balance the two forces by using minimal commitment: the collec-
tive can only exclude the maximal policy, while the principal otherwise retains discretion.
This ensures robust information aggregation—an immediate implication of the previous
analysis (Proposition 3)—while minimizing the principal’s exposure to miscoordination
of the agents. Since the principal learns the state under Q* and can choose any policy
except © = 1 regardless of the agents’ equilibrium play, in the worst-case, she chooses
x = 0 in state 0 and x = 1 — ¢ in state 1. Consequently, a lower bound for the payoff

guarantee is

GQR)>1—e.

9More generally, in cap referenda the collective action decides which policy cap the principal has to
obey. For low collective actions, a more stringent policy cap x. < x¢ applies than for high collective
actions. Depending on whether m < my or m > m; for a cutoff m; € (0, 1), the set of feasible policies is

either Q(m) = [0,...,z.] or Q(m) =[0,...,z¢]. Thus, collective vetoes are cap-referenda with z, = 1—¢
and r¢c = 1.
20 PN . Pr(w=0)
The calculation is as follows: 1 — zr= <1 - = <l-e
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Since the two inequalities above show that 1 — ¢ is an upper bound for the payoff
guarantee of every quasi-referendum, collective vetoes are robust-optimal, with a payoff

guarantee of 1 — e.

Two remarks are in order. First, the theorem also shows that collective vetoes achieve
near full-information outcomes if the policy space if fine, i.e. if £ is small. Second,
collective vetoes also maximize the agents’ welfare guarantee given the common ex-post
preferences: The agents’ welfare guarantee is the ratio of the mean equilibrium payoff
of an agent in the worst-case scenario to his mean full-information payoff. For a quasi-

referendum Q, it is?!

E(1—p)
E(Z%)

The agents’ welfare guarantee arises by replacing the principal’s prior with the agents’

inf <liminfE(x |w=1;ny,N) —
N—o00

(MN) Nen,™

B(z | w=0;nv, )

mean prior in the definition of G(Q). The analogues of the inequalities above hold
provided the agents’ mean prior satisfies the same extremeness bound as the principal’s
prior, E(p;) < 1 — e. Thus, the quasi-referenda defined by (12) are also agent-optimal

except in these extreme scenarios.

4.2 Gateway Referenda

We now enlarge the class of decision processes by allowing commitment to the status quo
(interpreted as the policy z = 0). Such commitment is feasible in many applications. In
fact, many real-world referenda decide whether to retain the status quo or to mandate
some change, while delegating the details of that change to a subsequent institutional
procedure. A constitutional referendum, for example, may decide whether to keep the
current constitution or to allow its revision without specifiying the outcome.

We call a mapping @ a generalized quasi-referendum if for every m € [0, 1], either
Q(m) = {0} or Q(m) is a non-singleton policy set. This relaxes the quasi-referendum
requirement that Q)(m) be non-singleton for all m.

Our analysis singles out gateway referenda. These are generalized quasi-referenda of
the form

{0} if m < my,

) = | (13)
P\{O} 1fm>m1,

for some cutoff m; € (0,1). Thus, if the cutoff is not met, the status quo is kept; if
it is met, the status quo is excluded and the principal can choose any positive policy.

Conditional on change, the referendum is therefore only minimally binding.

21To evaluate payoffs of partisan agents, we assume here and in the following that partisans hold
extreme priors that conform with their prescribed choice a € {0,1}, i.e. p; = a.
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The next theorem shows that the simple majority gateway referendum is robust-

optimal in this larger class of decision processes.

Theorem 2. The gateway referendum with the simple-majority cutoff my = % has a
payoff guarantee larger than 1 — € and is robust-optimal among all generalized quasi-

referenda.

The proof is in the appendix. Here we highlight the key novel step relative to the
argument for Theorem 1. What remains unchanged is the argument for information
aggregation. The simple-majority gateway referendum allows the collective to retain or
block the status quo and thereby gives sufficient incentives for information to aggregate in
all equilibrium sequences. Formally, it is a single-cutoff process with no balance and with a
strict increase in the maximal feasible policy across regimes, max Q(0) < max (1), so the
same argument as in the proof sketch of Proposition 3 implies information aggregation.??

However, unlike in the case of collective vetoes, information aggregation does not by
itself imply outcomes close to the ex-post optimum. The new difficulty is that, while
the gateway referendum is only minimally binding conditional on change, it uses full
commitment to the status quo x = 0 otherwise. If this commitment were to bind in the
state where x = 1 is ex-post optimal, the outcome x = 0 would be far from optimal.

The reason why commitment to z = 0 does not obstruct robust optimality is that,
under the simple-majority gateway referendum, it can bind asymptotically only in the
state where x = 0 is ex-post optimal. To establish this, we show that in any equilibrium
sequence the mean action in state 1 exceeds the majority threshold as N — oo. Hence
the threshold is met with probability approaching one in state 1, and the status-quo

commitment cannot bind there.

Lemma 2. For any agents’ information structure and any sequence of equilibrium strate-
gies (on)nen of the gateway referendum with my = %, it holds

1
li 1; =.
i alion) > 5

The logic behind Lemma 2 is closely related to that of the classical Condorcet jury
theorem (Bhattacharya, 2013). The Condorcet jury theorem establishes that simple ma-
jority voting between z = 0 and x = 1 leads to ex-post optimal policies, as N — oo.
In the standard majority-voting environment, one proves limy_. ¢(1;0n5) > 3 by con-
tradiction. One assumes limy_,o ¢(1;0n) < % and combines this with two ingredients:
first, that the equilibrium mean actions satisfy limy_,o ¢(0;0n) < limy_o ¢(1;0n); and

second, that agents’ incentives are only driven by the pivotal event piv, at the majority

22Proposition 3 was stated for quasi-referenda @, but the relevant part of the proof uses only that Q
has a single cutoff, no balance, and satisfies max Q(0) < max Q(1). It does not use that every feasible
set is non-singleton.
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threshold % Under these two conditions, the mean action is closer to the majority thresh-
1

old in state 1, limy_,« [q(0;0n) — %| < limy_o |q(1;0n5) — 5|. The standard argument
implies then that pivotality at the majority threshold becomes an overwhelmingly strong
indication for state 1, so that almost all non-partisans strictly prefer action 1, implying
limy 00 ¢(1;08) =1 — po > %, a contradiction.

In our setting, neither ingredient is immediate. The ordering of the mean actions
may be reversed in equilibrium (such as in the deadlock equilibria of Section 3), and the
agents’ incentives may also depend on the additional pivotal event piv,. The appendix
shows, however, that under the simple-majority gateway referendum both ingredients are
recovered asymptotically: the reverse ordering cannot arise in equilibrium, and under
the contradiction hypothesis the additional pivotal event piv, becomes asymptotically
irrelevant for the agents’ incentives. The standard Condorcet-jury-theorem contradiction

therefore applies and yields Lemma 2.

As a consequence of Lemma 2, the simple majority gateway referendum minimizes
the principal’s exposure to miscoordination and is robust-optimal: Since information
aggregates and since the status-quo commitment does not bind in state 1, she chooses
the ex-post optimal in state 1. The only potential loss arises in state 0 if the principal
is forced to choose some x > 0; in this worst case, she then chooses the smallest feasible
policy, x = £. Consequently,
Pr(w =0)

G = 1- Pr(w=1)

e > 1—e.

Similar constructions of approximately truthful equilibria, uninformative equilibria,
and deadlock equilibria as in the proof of Theorem 1 and Proposition 3 rule out strictly
higher payoff guarantees among any other generalized quasi-referenda, and establish the
gateway referendum’s robust-optimality. For example, one might consider Q)(m) = {0}

for m < 1 and Q(m) = P for m > ;. However, this design has balance (max Q(0) =

min Q(l)) and therefore admits a deadlock equilibrium with constant policy outcome

r = 0, implying a lower payoff guarantee.

5 Robustness and Extensions

5.1 A Weaker Robustness Criterion

The logic underlying the optimality results carries over when we weaken the robustness
criterion and fix the simple majority cutoff. Under this weaker criterion, we fix the
agents’ information structure and compare quasi-referenda in terms of the principal’s
payoff guarantee across all equilibrium sequences, defined as in G(Q) except that the

infimum is taken only over equilibrium sequences under the fixed information structure.
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For the comparison, we consider the simple class of monotone quasi-referenda with a
1
5.
Take any such referendum and suppose Pr(w = 1) > %, so that the principal’s ex-ante

single cutoff m; =

preferred policy is the maximal one. As before, the key tension concerns how commitment
affects both information transmission and exposure to agents’ coordination issues.

First, some commitment is necessary to sustain information transmission. If max Q(0) =
max ()(1), there exists an equilibrium in which agents’ behavior is uninformative and the
principal implements the same maximal policy regardless of the collective action. Thus,
avoiding such equilibria requires max Q(0) < max Q(1).

Second, stronger commitment increases exposure to coordination failures. When the
principal’s prior is sufficiently high, an argument analogous to that underlying Proposition
2 implies equilibrium sequences in which Q(0) binds with probability approaching one,
as N — oo. Intuitively, as Pr(w = 1) — 1, Proposition 2’s cutoff p also approaches 1,
implying p; + (1 — po — p1) (1 — F(ﬁ)) < g forany p; < q< %; thus, an analogue of the
proposition’s sufficient condition is fulfilled (details are in the online appendix.)

Along sequences that make Q(0) bind, the principal’s maximal feasible policy in state
1 is max Q(0), implying that the payoff guarantee (across all equilibrium sequences) is

bounded above by
max@Q(0) <1 —e.

Hence maximizing the payoff guarantee requires max @Q(0) to be maximal subject to
max (0) < 1. The collective veto of the maximum fulfills this requirement and achieves
a payoff guarantee of 1 — ¢ (Theorem 1). Hence, it is optimal among monotone quasi-

referenda with cutoff m; = %, as the next proposition concludes.

Proposition 4. Fix an agents’ information structure. If the principal’s prior is suffi-
ciently high, the collective veto of the maximum maximizes the principal’s payoff guarantee
across all equilibrium sequences among all monotone quasi-referenda with a single cutoff

1
m1:§.

Now consider Pr(w =1) < % Again, to rule out uninformative equilibria, the quasi-
referendum must vary the minimum feasible policy, i.e. min Q(0) < min Q(1). At the
same time, when the principal’s prior is sufficiently small, an argument analogous to that
underlying Proposition 2 implies equilibrium sequences in which (1) binds with proba-
bility approaching one. Along such sequences, the principal’s minimal feasible policy in
state 0 is min Q(1), implying that the payoff guarantee (across all equilibrium sequences)

is bounded above by

Pr(w = 0)
Pr(w=1)

minQ(1) <1 - ME.

L Pr(w=1)
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Hence maximizing the payoff guarantee requires min (1) to be minimal subject to

min Q(1) > 0. The simple majority gateway referendum fulfills this requirement and
Pr(w=0)
Pr(w=1

yE 23 Hence, it is optimal among monotone generalized
1
2

attains the upper bound 1 — :

quasi-referenda with cutoff m; = .

Proposition 5. Fixz an agents’ information structure. If the principal’s prior is suffi-

ciently low, the gateway referendum maximizes the principal’s payoff guarantee across all

equilibrium sequences among all monotone generalized quasi-referenda with a single cutoff
1

mlzﬁ.

5.2 Heterogeneous Ex-Post Preferences

In the baseline model, all players agree on the best policy once the state is known. Such
unanimity is often unrealistic. For instance, a policy with distributive consequences may
benefit different groups depending on the realized state; see, e.g., Fernandez and Rodrik
(1991) or Ali et al. (2025). Similarly, the principal’s ex-post ranking of policies may
conflict with that of a nontrivial share of agents.

We extend the model by allowing for state-dependent preference heterogeneity. In
addition to partisans and “aligned” types who prefer higher policies in state 1 and lower
ones in state 0, we allow for “opposed” types whose policy ranking reverses the principal’s
state-contingent ranking; they prefer lower policies in state 1 and higher ones in state 0.
Their preferences are strictly opposite to those of the principal in each state, suggesting
strong incentives to misrepresent or withhold information. Formally, a non-partisan’s
type is (p;, t;), where p; € [0, 1] is her prior and t; = (£;(0),;,(1)) € [0, 1]* are her state-
dependent marginal benefits from the policy. The marginal cost 0 < ¢ < 1 is common,
as in the baseline. The opposed types are those with ¢;(0) > ¢ > ¢;(1).

Despite the extended scope for misrepresentation of private information, all main
results, in particular, the results about information aggregation and robust-optimality
(Proposition 3, Theorems 1 and 2) extend to the heterogeneous-preference setting under
a monotonicity condition for the agents’ aggregate preferences (proofs are in the online
appendix). A central observation is that, even with heterogeneous ex-post preferences,
the aggregate best response can be summarized by a map ®, which varies only in a one-
dimensional incentive index. This map ® is exogeneously given via the type distribution.

Let us explain this observation. Fix a strategy profile  and let U(0;7) and U(1;n)
denote the average effect of an additional action 1 on the final policy in states 0 and 1,

respectively. An individual agent type (p;,t;) with signal s best-responds with action 1

23Theorem 2 has established this payoff guarantee under the otherwise standing assumption that

Pr(w = 1) > 3. The same proof, with minor and straightforward modifications, extends to the case
Prw=1)< 1.
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if
U(0;n)(1 — pi) Pr(s; = slw = 0) (ti(O) - c) U1 )ps Pr(s; = sl = 1)(@-(1) . c) >0,

The aggregate best response can then be summarized via a map ®, as follows. Fix s
(equivalently, fix the likelihood ratio I := pH===0 € (0,00)) and 5. Let ®(U(0; ), U(1;7),1)
denote the probability that a randomly drawn type (p;,t;) with signal s satisfies (14).

The aggregate best response (the value of ® at (U(0;n),U(1;n),1)) turns out to

depend only on the single incentive index

whenever U(1;n) # 0. This is evident from rewriting the above best-response condition
for individual types: If U(1;7n) > 0, a type (p;, ;) with signal s weakly prefers the action
1if

zl-(l—pi)<c—ti(0)> < pi<ti(1)—c>, (14)

with the inequality reversed when U(1;7) < 0.

Based on this one-dimensional incentive representation, we sketch now how preference
monotonicity matters. We say that preferences are monotone if, for each fixed sign of
U(1;7m), the function ® is continuously differentiable in z; and 0®/0z; has the same
non-zero sign for all z; € (0,00).2* Intuitively, monotonicity rules out non-monotone
response patterns in which strengthening the incentive index z; could first increase and
then decrease the share of types who favor the action 1; instead, aggregate best responses
move in a single direction as incentives change.

Monotonicity of preferences allows us to modify the argument in Proposition 3’s proof
sketch, showing that monotone quasi-referenda with a single cutoff and maxQ(0) <
max (1) only have informative equilibria.

Suppose an equilibrium were uninformative. Then the principal learns nothing from
the realized collective action; so her equilibrium choice depends only on feasibility:
above the cutoff she selects the largest element of Q)(1), and below the cutoff she se-
lects the largest element of Q(0) (given her prior preference for high policies). Because
max Q(0) < max@(1), an agent is then pivotal only at the referendum cutoff m;. The
uninformativeness of the equilibrium implies that this pivotal event has the same proba-
bility in both states; thus the average effect of an additional action 1 is the same in both
states, U(1;ny) = U(0;ny) > 0. However, given U(0;ny)/U(1;ny) € (0,00), the mean
actions under the agents’ best response satisfy q(0;ox) # ¢(1;0y). This is a direct impli-

cation of (14) and the monotone likelihood ratio property of the signals, given preference

24This monotonicity condition adapts Bhattacharya (2013)’s notion of “strong preference monotonic-

”

ity.
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monotonicity. It contradicts the initial assumption of uninformativeness.

This step establishing informativeness is key. Based on it, the same proofs as in the
baseline analysis, with minor modifications, establish that all main results continue to
hold in the heterogeneous-preference environment.

We conclude with three remarks. First, the monotonicity condition is satisfied in
the baseline model, since all non-partisans share the same preference type. Second, non-
monotonicity can overturn information aggregation of quasi-referenda for the same reason
it can overturn the Condorcet jury theorem’s aggregation result (see Bhattacharya, 2013).
Third, the robust-optimal quasi-referenda of the form (12) and (13) also maximize the
agents’ ex-ante welfare guarantee, provided two additional conditions hold. The first is

that the mean marginal benefit crosses the marginal cost across states,
0<E(t(0)) <c<E(t:(1) <1,

so that the principal and the mean agent share the same full-information ranking.?> This
is satisfied, for example, when the principal is a utilitarian social planner. Such incentives
may arise from political economy forces under a broad set of conditions, cf. the literature
on political agency and electoral accountability.?® The second condition is

1-E(p) c—E((0)) .

E(p)  E(t:(1) —c ™

which ensures that the agents’ mean payoff from the constant policy outcome x = 1

remains bounded away from the mean full-information payoff.

5.3 Non-Linear and Single-Plateau Preferences

We relax the baseline model’s assumption of constant marginal costs and benefits and
consider non-linear payoffs u(z,w). This extension broadens the scope of applications by
allowing intermediate policies to be optimal. The analysis is substantially more involved
and is therefore deferred to the online appendix. Here we introduce the setup, state
the result established there, and briefly explain the additional difficulties relative to the
baseline model.

A natural example captured by the extension is public-good provision with diminishing
returns to scale, where providing the good is desirable but full capacity is inefficient.
Similar examples arise in applications where compromises between opposing extremes

are desirable.

25To evaluate payoffs of partisan agents, we assume here that partisans hold extreme priors that
conform with their prescribed choice a; € {0,1}, i.e. p; = a;.

26For the political agency literature, see Barro (1973); Ferejohn (1986) among others; for the literature
on electoral accountability, see, e.g., the survey in Ashworth (2012). Relatedly, Battaglini (2017) provides
an excellent discussion, with several explicit examples.
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) E<u(a:,w)>
0 i x
Figure 2: An example of non-linear and single-plateau preferences: u(x,w) = —c(x) +
b(z)w with ¢(z) = =2+ o + 32 and b(x) = - + 2lx — La*, so that lfjgg = 257t62005‘;3.

The black dots show the peaks of the expected utility in state 0, in state 1, and given a

prior of Pr(w =1) = 1.

We consider common payoffs u(z,w), continuously differentiable in z, such that
e in state 0, the status quo x = 0 is optimal, with «/(z,0) < 0 for all z € [0, 1];
e in state 1, a unique non-zero policy is optimal.

Letting ¢(z) = —u(z,0) and b(z) = u(z, 1) —u(zx,0), we can express the payoffs as before
in terms of cost and benefits,
u(r,w) = —c(x) + b(r)w for w € {0,1}.

The expected utility given a fixed prior p has a positive derivative if Z:Eg < p. We focus

on the case of “diminishing returns to scale,” where?”

()
b'(x)

is strictly increasing.

Under this condition, each player’s ex-ante expected utility is single-plateau, with the
peaks increasing in p. As in the baseline model, we assume that, given the principal’s
prior, there is a unique, non-zero optimal policy. Figure 2 illustrates the preferences in

an example.

The online appendix shows that the simple-majority gateway referendum still aggre-
gates information and achieves a payoff guarantee above 1 — ¢; see Theorem 3 there. We

conjecture that the coordination-failure results of Proposition 1 and Proposition 2, as

27The baseline model assumed that % is constant.
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well as the robust optimality of the simple-majority gateway referendum, also extend to
this environment. To keep the exposition focused, we confine attention here to the result
just stated.

The extension is not straightforward. In the baseline model, the principal’s best-
response correspondence can be described via a single cutoff k. Under single-plateau
preferences, by contrast, there may be multiple cutoffs IQJHJ at which the principal’s
preference between policies x; and x4, switches. This complicates the principal’s side of
the analysis.

It also complicates the agents’ best response problem, which compares how, in each
state, choosing action 1 (instead of 0) affects the principal’s policy choice and thereby

average payoffs

U(l;n) = E(u(:c, 1)|a; = 1;77,N> - E(u(m, 1)a; = O,?],N), (15)

U(0;n) = —(E(u(m,0)|ai = 1;7],N> — E(u(m,0)|ai =0,n, N)), (16)

cf. (2). In addition, because payoffs are now non-linear in z, a policy switch from z; to
xj4+1 need not have proportional implications across states. In the linear baseline model,
by contrast, the corresponding effects were proportional. Nevertheless, as the online
appendix shows, the strict monotonicity of % structures equilibrium incentives for the
agents and the principal in a way that ensures information aggregation, and, with it, a

payoff guarantee above 1 — ¢ for the simple-majority gateway referendum.

5.4 Stochastic Commitment: An Interpretation of the Linear

Preference Model

The linear baseline model can also be interpreted as a model of supermajority voting
between the policies '’ = 0 or 2/ = 1 under stochastic commitment. The stochastic

model retains the common payoff specification
/ ]‘ /
(w— 5) for 2/ € {0,1} and w € {0,1},

as well as the specification of the agents’ side from the baseline model. The only change
is in how outcomes are determined. With probability 1 — &’ the principal is bound by a
supermajority rule and must choose ' = 0 if m < m; and 2’ = 1 if m > m;. With the
remaining probability &’ > 0, however, she is unconstrained and can choose either =’ = 0
or ' = 1 after observing the vote share m = %
This implies that, after any vote share m, a pure uncommitted choice induces an
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outcome probability

) {0,¢e} it m < my,
z(k) =Pr(2’ = 1|k) €
{1—¢,1} if m > my.
Hence, the principal’s set of pure strategies is the same as in the baseline model with

quasi-referendum

{0,¢'} if m < my,

{1=¢,1} if m > my.

Because the common payoffs are linear in the probability of implementing 2’ = 1, corre-
sponding principal strategies have the same payoff consequences in the two formulations.
It follows that the two models are strategically equivalent and therefore have the same

set of equilibria.

6 Discussion: Commitment in Policy Making

We relate our analysis of partial commitment to two strands of the information-aggregation
literature: (i) models with full commitment to voting rules that map vote profiles into
single policies, and (ii) models in which collective input is cheap talk (no commitment),
which the literature has used to study informal political processes such as protests. These
two strands provide natural benchmarks for our setting. Relative to the first, our results
show that coordination failures are more central to policy making under dispersed in-
formation than the full-commitment benchmark suggests. Relative to the second, they
show that formality (commitment) matters less for information aggregation than existing
results suggest.

Under full commitment, classic results such as the Condorcet jury theorem (CJT)
and its extensions show that, as N — oo, majority voting leads to the same outcome
as under full information with probability approaching one under broad conditions (see,
e.g., Bhattacharya, 2013; Feddersen and Pesendorfer, 1997). These results provide a
benchmark in which the strategic coordination problem among agents disappears in large
groups. Our analysis implies that the full-information-equivalence benchmark result is
fragile to arbitrarily small departures from full commitment. Here and throughout, we
distinguish information aggregation (learning the state) from full-information equivalence
of outcomes.

This fragility can be seen in the most stark way when recalling the interpretation
of our baseline model as one of majority voting between 2’ = 0 or 2 = 1, but with
stochastic commitment (see Section 5.4): With probability 1 — &’ the principal is bound

by a majority rule and has to choose 2’ = 0 if m < my and 2/ = 1 if m > my. With
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probability ¢’ > 0, however, she best-responds by choosing either ' = 0 or 2/ = 1. As
discussed, this stochastic model is equivalent to our linear baseline model with the quasi-
referendum given by Q(m) = {0,£'} for m < my and Q(m) = {1 — &', 1} for m > my,
with outcomes x € QQ(m) interpreted as choice probabilities Pr(z’ = 1).

Our analysis thus implies that, for any ¢ > 0, any supermajority rule admits equi-
librium sequences (for some information structures) in which policy ' = 1 is chosen in
all states with probability of at least 1 — ¢’ as N — oo (Propositions 1 and 2). Hence,
even a minimal likelihood of discretion can enlarge the equilibrium set in a way that
upsets full-information equivalence. This observation complements work that identifies
coordination failures and inefficiencies in related information-aggregation environments
(see, e.g., Ali et al., 2025; Barelli, Bhattacharya and Siga, 2022; Ekmekci and Lauermann,
2020; Mandler, 2012).

The literature has used models without commitment (pure cheap talk) to study in-
formal political processes such as protests and contrasted their properties with formal
voting rules. Impossibility results therein show that only babbling equilibria exist when
a large group of agents strategically communicates with a principal whose prior is suffi-
ciently separated from the agents’ priors (see, e.g., Battaglini, 2017; Chen, 2025; Levit and
Malenko, 2011; Morgan and Stocken, 2008). In contrast, in our setting even procedures
with almost no commitment robustly aggregate information in all equilibrium sequences
as N — oo (Proposition 3). Thus, if commitment is interpreted as a measure of how
formal a political process is, our results imply that formality matters less for information
aggregation than the impossibility results suggest.

To understand the logic behind the cheap-talk impossibility results, consider the fol-
lowing example in our notation. Take a cheap-talk mechanism (for example, Q(m) = P
for all m, so collective input never constrains the principal). Suppose the principal’s prior
Eig:zég = 9, each agent has a lower prior with odds %, and a favorable signal
s; = 1 has likelihood ratio 3, while an unfavorable signal s; = 0 has likelihood ratio %

Suppose moreover that each player prefers high policies whenever her posterior likelihood

odds are

ratio exceeds 1.

Write m_; for the other agents’ reports, and let k& denote the principal’s cutoff, so that
she chooses a high policy if and only if the total number of high reports is at least k + 1.
At any profile m_; at which agent ¢ is pivotal, reporting 1 must push the principal weakly
above the cutoff while reporting 0 must keep her below it. Hence the principal’s posterior
odds conditional on m_; and a report 1 must be at least 1, whereas her posterior odds

conditional on m_; and a report 0 must be below 1. This means

Pr(m_; |w=1)
Pr(m_; |w=0)

Pr(m_; |w=1)
Pr(m_; |w =

9.

3 >21>9-

Wl =
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Equivalently,

Now consider an agent who received a signal s; = 1. Since her prior odds are 1/2, her

posterior odds conditional on the pivotal profile and her signal satisfy

Priw=1|m_;,s=1) Priw=1) Prim_; |w=1) Pr(s;=1|w=1) _ 1><1><3—1
Pri(w=0]|m_;,s =1 Prjw=0) Pr(m_; |w=0) Pr(s;=1]|w=0) 23~ 2

So even an agent with a signal 1 strictly prefers the report 0 at any pivotal profile.
All non-partisan agents therefore babble, contradicting informativeness. This is the core
pivotal-inference logic underlying the impossibility results.

Under partial commitment, by contrast, agents are pivotal in multiple pivotal events,
not just at the event described above where the principal’s preference changes. This
upsets the existing pivotal-inference logic and allows informative equilibria to survive
even when the usual impossibility conditions on the players’ priors hold and even when

commitment is just minimal.?®

7 Further Related Literature

We relate to a broader literature on voting models with multiple pivotal events. This
paper is not the first to study environments with multiple pivotal events. In particular,
Razin (2003) studies an environment in which multiple pivotal events arise since vot-
ers have signaling incentives, i.e., their actions may signal information to second-stage
decision-makers—as in our setting. In his setting, information aggregation fails when
decision makers and agents have disjoint sets of ex-post optimal policies. Our results
differ in that we do not focus on such extreme ex-post preference conflicts; instead, our
inefficiencies stem from coordination failures that can prevent full-information equiva-
lence despite information aggregation, and our analysis characterizes robust approaches
to these.

In other voting contexts, the literature has analyzed different types of signaling incen-
tives? and multiple pivotal events that arise for different reasons than signaling, e.g. due

to simultaneous voting on multiple issues (Ahn and Oliveros, 2012) or multiple voting

28Strictly speaking, our full-support assumption on the agents’ type distribution violates the exact
conditions used in the mentioned impossibility results. However, even in a common-type version of our
baseline model, the presence of multiple pivotal events implies the existence of informative equilibria for
a broad class of quasi-referenda.

29These contributions analyze settings in which early-stage collective behavior serves a signaling role:
In multiple-round voting, a first-round vote can convey information to second-round voters (Piketty,
2000) or shape candidates’ second-round proposals (Castanheira, 2003; Meirowitz and Shotts, 2009).
Likewise, pre-election polls (Coughlan, 2000; Fey, 1997) or costly protest activity (Lohmann, 1994) may
transmit information that strategically affects subsequent political choices.
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thresholds (Damiano et al., 2025).

Technically, we develop new methods to deal with the complexity created by multi-
ple pivotal events. Most existing work relies primarily on statistical tools such as large-
deviation theory. We combine large-deviation arguments with novel polynomial-algebraic
methods, in particular leveraging Descartes’ rule of signs from polynomial algebra. Specif-
ically, we relate the question of information aggregation to bounding the number of roots
of an associated polynomial; cf. the proof of Lemma 1, Proposition 3, and Theorem 3 in
the appendix.

We conclude the literature discussion with two remarks. The first remark concerns
sincere voting. A longstanding question in political science is the extent to which citizens
vote “sincerely” (see, e.g., Farquharson, 1969 and Palfrey, 2009). Previous theoretical
work has shown that in elections with full commitment power and large electorates, sincere
voting typically fails to be an equilibrium when voters are privately informed (see, e.g.,
Austen-Smith and Banks, 1996). In contrast, Proposition 1 and its proof show that, under
partial commitment, strategy profiles in which approximately all agents act sincerely
can constitute an equilibrium for a nontrivial range of information structures. Roughly
speaking, the presence of multiple pivotal events weakens the incentives to deviate from
sincere behavior that arise under full commitment. Related observations have been made
in settings with participation costs (Krishna and Morgan, 2012) or aggregate uncertainty
about the fraction of uninformed voters (Acharya and Meirowitz, 2017).

Finally, we note a conceptual connection to the delegation literature (Alonso and
Matouschek, 2008; Holmstrom, 1984). A quasi-referendum can be viewed as a form of
collective delegation to a principal: The collective action determines the feasible set the
principal faces ex post. This perspective connects delegation-style reasoning to settings in
which information is dispersed among many agents and to collective-choice applications

such as shareholder voting and public finance.

8 Concluding Discussion

This paper studies commitment in referenda and related political institutions. When
policy-relevant information is dispersed across many agents, the relevant institutional
question is not simply whether collective input should matter, but how arrangements
for incorporating that input shape policy outcomes in a strategic environment. Our
analysis shows that, with a large group of agents and under realistic frictions, there is a
case for minimal commitment. Minimal commitment gives strong enough incentives to
sustain robust information aggregation; at the same time, it limits the extent to which
coordination failures within the group distort outcomes. Stronger commitments make
policy more exposed to such failures and therefore magnify the distortions they generate.

The paper identifies practically important referenda that implement this logic. Col-
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lective vetoes and gateway referenda allow the collective to block or authorize one polar
option while leaving the detailed policy specification to a principal. These referenda are
simple and, when the policy space is fine, deliver outcomes arbitrarily close to the full-
information benchmark. They also maximize the principal’s worst-case payoff guarantee
across information structures and equilibria, within a broad class of decision processes.

The paper isolates one rationale for limited commitment, but it is unlikely to be the
only one relevant in practice. Partial commitment may also serve purposes of legitimacy,
accountability, or political cover. It may also preserve discretion for a principal with
expertise or access to information that becomes relevant only after collective input has
been observed (cf. Kartik, Van Weelden and Wolton (2017)). Our analysis abstracts
from these considerations in order to isolate a single rationale: the trade-off between
information aggregation and coordination failures. The observation is that this alone can
rationalize minimal commitment.

Our model of (quasi-)referenda is a first step toward a broader theory of commitment
in policy making under dispersed information. Future work could incorporate additional
structure present in particular applications. For example, in shareholder voting, what
factors determine how policy is decided after collective input is observed? Answering this
may require introducing legislative bargaining, competing principals, or other strategic
specification problems. Such extensions would further clarify how policy outcomes depend
on the institutional environment in which final policy is chosen—that is, on the micro-
foundations of partial commitment.

More broadly, the concept of partial commitment developed here may prove useful
well beyond the setting studied in this paper, and may open up a broader research agenda

on commitment in collective choice institutions.

Appendix

Throughout the appendices (except Appendix J), the following disclaimers apply.

1. For the principal, we only consider mixed strategies that are best responses. Given
the best response characterization (1), we can thus identify a principal’s mixed
strategy with a pair (k, %) where k + 1 is the principal’s cutoff at which she mixes
and chooses a policy  randomly according to the distribution .

2. We identify converging subsequences with the original sequence and omit the subse-
quence notation. Converging subsequences exist in each instance since the sequences
lie in compact sets.

A Mathematical Preliminaries

We collect the tools that will be used repeatedly in the proofs below. In particular, we
will approximate probabilities of pivotal events as N — oo.
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A.1 Basics of Large Deviation Theory

Take a binomial distribution X,, with success probability ¢ € (0,1) and sample size n.
Given any m € (0, 1) with mn € N, the probability of exactly mn successes out of n trials
is well known to be®

Pr (X, = mn) = exp ( —nKL(m, q) + O(n)), (17)

where KL denotes the Kullback—Leibler divergence,

1—m

KL(m, q) = mlog (%) +(1—m)log (1—) .

—q

A convenient derivation, due to Cramér (1938), uses a change of measure (Esscher trans-
form, Escher (1932)). Consider the binomial distribution under which the event is not
rare but rather typical, Z,, ~ B(n,m). Then (17) follows from observing that

Pr (X,, = mn)
Pr(Z, = mn)

= exp ( — nKL(m, q)) and Pr(Z, = mn) = exp (o(n)) (18)
For the equation on the left, note that
Pr(Z,=mn) _(m\"" (1-m n(l=m)
Pr(X,=mn) \q¢ l—¢q
m\" /1 —m n(l—m)
=exp | log (—) (—)
q l—q
1—
= exp (n (mlog (ﬂ)—l—(l—m)log( m)))
q l—gq

The equation on the right holds because the probability mass function (PMF) of the
binomial distribution peaks at its mean, implying Pr(Z, = mn) € [+,1]. But for any

sequence (T, )nen with x, € [£,1], it holds that z, = exp <log(xn)> = exp (0(n)>

A.2 Taylor Approximations of the Kullback—Leibler Divergence

Below we give two approximations of the Kullback—Leibler divergence

—dq

KL(m, q) = mlog (%) +(1—m)log (11_ m) .

30Recall that a function f is o (n) if @ converges to 0 as n — oo.
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The first is for m ~ ¢.3! For m = ¢ + &’ with small €/, we expand the log terms using the
Taylor expansion log(l + =) ~ = — %2 around z = 0 to obtain

/ ! 12
logﬂzlog(l—l—g—)zg——(g)
q q q

1—m g g (e")?
1 =1 1-— ~ — —
- Og( 1—Q> l—q 2(1-¢)?
and substitute:
€/ (51)2
Kimq) ~ (+2) (5 - 55
8/ (€/>2
l—qg—¢) (- — .
Hlm 6)( 1—q 2(1-gq)?
Expanding the products and discarding all third-order terms, we have
RY GO PR N
q

d
2¢? 2qJr g
/

/ £ ) N )
(1_q_€)(_1—q_2(1—q)2> A TG R gl

Noticing that ¢’ cancels out, and simplifying the coefficients of (¢/)2, we have

KL(m, q) ~ <_ﬂ+ <€')2) N (_2((5')2 N (6’)2)

2q q

l—q) 1-gq
B (8,)2 (8/)2
~ 2 21—y

2 (1 1
-2 )
2 \q l-gq
We thus obtain the quadratic approximation

2
m—q
KL(m,q) ~ éq(l——;) for m = q.

(19)

m 4 l-m
q 1—q
We use linear Taylor approximations of KL(m, ¢ ) and KL(m, ¢2) around the midpoint
(j — ‘h;fh ’

For the second approximation, consider ¢; & ¢». Note that %KL(m, q) = —

_ 0 _
KL(m, q1) = KL(m, q) + a—qKL(m, Q)jg=g(@1 — @),

0
KL(m7 QQ) ~ KL(ma Cj> + a_qKL(m’ Q)|q=§(QQ - 67)7

31For two sequences (a,)nen and (b, )nen, We write a, = by, if lim,, o 3> = 1. Note that we do not
retain the subscript.
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to approximate the difference of these two quantities:
0
KL(T'% Q1) - KL(T'% Q2) ~ O_qKL(m’ C])\q:q((h - QQ)

(-2 - w. (20)

l—q

A.3 Properties of Binomial Distributions

In this section we record a property of the probability mass functions of binomial distri-
butions. The binomial distribution X,, ~ B(n, ¢) has an inverse-U-shaped PMF, with a
unique mode at |(n+ 1)g| if (n+ 1)g is not an integer, and otherwise with two adjacent
modes given by (n + 1)g and (n + 1)g — 1; see, e.g., page 112 in Chapter 3.4 of Johnson,
Kemp and Kotz (2005).

Claim 1. Take a binomial distribution X, ~ B(n,q). If (n+ 1)q € N, then

Pr(X, =k) <Pr(X,=Fk) forall k <k <(n+1)q—1,
Pr(X, =k)=Pr(X, =Fk) for k=(n+1)g—1 and k' = (n+ 1)q,
Pr(X, =k) > Pr(X, =k) forall ¥ > k> (n+1)q.

If (n+1)qg ¢ N, then

Pr(X, =k) < Pr(X, =k) forall k <k <|[(n+1)q],
Pr(X, =k) >Pr(X, =k) forall ¥ > k> [(n+1)q].

A.4 Pivotal Probabilities

The relevance of the mathematical preliminaries in Sections A.1-A.3 for our collective
choice model derives from the fact that, for any symmetric strategy o of the agents, the
number of actions 1 taken by N — 1 agents follows a binomial distribution with success

probability ¢(w';0) = (1 —p; — po)E<a(s)|w = w') + p1. The pivotal events in our model
thus correspond to point events of a binomial distribution, and (17) provides a suitable

approximation of their likelihood. To be precise, if we let ¢ = ¢(w’, o) and m = % for
j >0, then (17) becomes

%,q(w’m)) —l—o(N)). (21)

Pr(piv;|w = w';0, N) = exp < — (N — 1)KL<
Similarly, if we let ¢ = g(w’, o) and m = £ for k € {k, k + 1}, then (17) becomes
k
Pr(pivF|w = w';0, N) = exp ( — (N — 1)KL<N’ q(W'; 0)) +0 (N)) (22)
B Proof of Proposition 1

Our proof strategy is as follows. Take any quasi-referendum with cutoffs mq,..., mpgi1.
Fix a target j* € {1,..., R+ 1}.
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1. First, we present candidate equilibrium strategies for the principal and the agents
(Section B.1).

2. Second, we show an auxiliary result about the ordering of the principal’s best re-
sponse cutoff % and the agents’ mean actions in the two states (Section B.2).

3. Third, we choose an information structure such that, for every candidate strategy,
(a) for any principal’s best response to it, the agents’ incentives approximate those
in the cheap-talk game as N — oo and (b) the realized feasible policy set is @«
with probability approaching one (Section B.3).

4. Fourth, we construct the equilibrium sequences with a fixed-point argument (Sec-

tion B.4).

B.1 Candidate Equilibrium Strategies

For any x € (0,1), denote by ¢, the z-quantile of the prior distribution, ¢, = F~!(z).
We consider the following candidate strategies. The principal follows a mixed strategy
randomizing between the pure strategy where she chooses

me(%) it &k <k",
maxQ(%) it k> k",
and the pure strategy where she chooses
i Q(k) if k<k*+1
min Q() if k < ,
k
maXQ(N) if B>k +1,

for some k* € {1,..., N — 1}. We identify these two pure strategies with the cutoffs &*
and k* + 1, and a mixture of the two with a random cutoff k or its associated probability

z=Pr(k =k*).
The non-partisan agents follow strategies o, under which, after observing signal s; €
{0,1}, agent i chooses a; = 1 if and only if p; > p(s;), for some p(s;) € (0,1). We slightly

abuse notation and write p,, = p(s;) for readability. We identify o, with p := (po, p1>
and consider the set

D) ={p:qs <p1 < qs, Pr(w=1) <po <1}.
For any p € D(9), the strategy o, is d-approximately truthful under any information

structure satisfying (5) and p, < 2 for a € {0,1} (constructed in Section B.3 below).
This is because after signal 0, the likelihood of action 1 is below

ot (11— p0) (1= P(Prw = 1)) < pu+ (1= p1 — p)° <5

where we used that Pr(w =1) > ¢y_3, by (5), and for the second inequality we used the
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Binomial formula. After signal 1, the likelihood of action 1 exceeds

J

pr+(=pi—po)(1=Flag)) = (1= * =14,

where for the first inequality we used that p, < g for a € {0,1}.
We denote by

B(p.2) = (p(0:p.2). 5(L;p.2)) € [0, 1)

the cutoffs of the best response given p € D(J) and z. The best-response cutoffs are
well-defined since the properties of p € D(6) and z imply U(w’) > 0 for w’ € {0,1}. They
are given by (9). Often we drop the arguments (p, z) from the notation.

B.2 Ordering of the Principal’s Cutoff and the Mean Actions

The principal’s best response cutoff % to any strategy o, with p € D(0) lies in between
the strategy’s mean actions when N is large and § is small.

Lemma 3 (Interior Principal’s Cutoff). There is some N; € N and some v, > 0 such
that

% € (q(O; p) +7,q(1;p) — 71) (23)

for all N > Ny, p € D(6), and § <

1
i
Proof. The restriction § < 1 implies 45 < Gy_3; thus, there is a uniform lower bound

1
n > 0 such that
1
q(1;p) — q(0;p) > n for all p € D(4) with ¢ < 7 (24)
given the full support and absolute continuity of the distribution of the agents’ priors

and the different likelihood ratios of the two signals in the two states.
We start by applying the first equation of (18) to obtain

Pr (k;|w =1; p)
Pr (k|w = 0; p>

= eXp( - N(KL<% q(L; p)) - KL(% q(0; p)))) (25)

for any k € {0,..., N}. Consider

Ay = inf (KL<q(0;p)+%,q(1;p))—KL(Q(O;pH%,q(O;p)),

1

Ay = inf —(KL<Q(1;I))—%,Q(1;P)>—KL<Q(1;I))—”Y1,Q(O§P)>>>

peD(5),6<%

which are strictly positive for 71 > 0 sufficiently small by (24) and since the Kullback—
Leibler divergence KI(m, ¢) has uniformly bounded partial derivatives on the parameter

set {(m,q) : m € [¢(w;p) — 71, ¢(w';p) + 1] for some ' € {0,1}, ¢ € {q(0;p), q(1;p)}}.
Since ¢(1;p) > ¢(0; p), the function exp( — N(KL(%, q(1; p)) — KL(%, q(0; p))))

is strictly increasing in k. This monotonicity implies
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Pr (k:|w = 1;p, > k
< exp(—NA;) for any k with — < ¢(0;p) + v, and
Pr (k:|w =0;p, ) N
(k|w = 1;p, > k
> exp(NAy) for any k with — > ¢(1;p) — 7.
Pr (k|w:0;p,N> N~

Since A; and A, are strictly positive, for any £ > 0, there is some N (k) € N such
that for all N > N(k),

P =1

%z(); -exp(—NA;) < k and
Pr(w = 1) 1
el St NA Z.
Pr(w = 0) exp(NAa) > K’

and the same bounds apply to the posterior likelihood ratio,

Pr(w = 1]k;p, N) k
fi — < 2

Pr(w=1|k;p,N) 1 k
— f —>q(l;p) — - 2

Finally, we argue that we can choose k > 0 small enough so that (23) holds uniformly,
that is, for all N > N; := N( ), P € D(6), and 6 < 1. Suppose, on the contrary, that
either £ > ¢(1;p) — v or £ < ¢(0;p) + ;. First, (26) and (27) imply that the posterior
hkehhood ratio crosses 1, so k is not degenerate, k # N. Second, since each private

signal realization is boundedly informative, we can choose x > 0 small enough so that for
N > N(k), (26) and (27) imply

Pr(w = 1]k + 1; p, )
Pr(w = 0|k + 1;p, )
N) |
N)

Pr(w = 1|k; p,
Pr(w = 0[k; p,

However, this would contradict the minimality of k; compare to its definition (1). O

B.3 The Information Structures

Lemma 4 (Approximate Cheap-Talk). There exists 61 > 0 small enough and an agent’s
information structure so that for any sequence of strategies (op, )nen with py € D(d7)
and any sequence of principal’s best responses to (0py ) NeNs

lim Pr(pivy|piv;ny, N) = 1. (28)
N—o0

Proof. First, we define the agents’ information structure. Fix the previously chosen
j € {l,...,R+ 1} and consider an agents’ information structure satisfying (4), (5) for
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the bound p, given by

p1 Pr(w=1)Pr(s; = 0w = 1) Pr(s; = 1jw = 0)
L=pi Pr{w=0)Pr(s; = 0w = 0) Pr(s; = llw = 1)’

Further, the partisan probabilities py > 0 and p; > 0 are taken to satisty

. < —.
Pa =y

These choices imply that any strategy op, with py € D(0) is d-approximately truthful,
as discussed in the preceding section.

The parameter 6 > 0 is taken to be small enough (smaller than some §; > 0) and the
signal probabilities to satisfy the ordering

mj—1 < Pr(s; = ljw = 0) < Pr(s; = ljw = 1) < m»

and to be much closer to each other than to the cutoffs m;«_; and mj«, so that there is
v > 0 and given any strategy o, with py € D(4),*

q(w's0py) € I for all W' € {0,1}, 2
and

v+ KL (CJ(W/; Tpy); Q(W”; Jpzv))

< min (KL(mj,q(w;apN))> for all j >0 and W', w"” € {0,1}, (30)

we{w’ w'}

We now establish the claim of the lemma. Combining (29)-(30) and (23), we see that
for 6 < ¢6; and N > N; as in Lemma 3, and any strategy op, with py € D(9), it holds

k
v+ KL(—, q(w”; apN))

N
< {lnin : (KL(mj,q(w;apN))> for all j > 0 and w',w"” € {0,1}, (31)
we{w w'
holds. Given (31), (21) and (22) imply (28). O

We close this section, observing that, given (29)-(30), an application of the law of
large numbers implies

lim Pr(m € I

N—o0

nn, N) = 1. (32)

Remark 1. Unlike in the main text, in the appendix we work with the Kullback-Leibler
distances instead of Euclidean distances, which is more handy for a precise analysis. In
the main text, we mentioned that it is key that the Euclidean distance of q(W';0oN) to
m; and mjyq is large enough, as measured by the bound M > 0 as defined in (6). The
relevance of a large enough M > 0 is that it implies (30), given (6) and 6 > 0 small

32In the case where j* = 1, we use the convention m;+_; = 0, slightly abusing the notation since mq
is also the principal’s limit cutoff.
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enough.3?

B.4 The Equilibrium Construction

We construct equilibria as follows. We show there are p* = (p(’;,p’{) € D(0) and a
principal’s mixing probability z € [0, 1] so that

p(p", z) = p, (33)
and

Pr(w = 1) Pr(k=F+ 1w =1:p", V) B "

Pr(w*O)Pr<k:l%+1\w:07p,N> ’

This means the agents’ cutoff strategy is a best response to itself, given z, and the
principal is indifferent after observing k + 1 actions 1, where k is the principal’s cutoff
defined in (1). The principal’s mixed strategy z is thus also a best response, and together
the players’ strategies constitute an equilibrium.

The construction reduces equilibrium existence to a fixed point of a one-dimensional
map Ty in the cutoff py. It works in three steps.

1. The first step shows that there is a continuous map from py € [Pr(w = 1),1) to
p*(po) so that the principal is indifferent at k + 1 given p = (po, i (p0)> (Lemma 5
in Section B.4.2).

2. The second step shows that there is a continuous function that maps each py €
[Pr(w =1),1) to a number z* <p0> € [0, 1] such that the first part of the fixed-point

equation (33) holds for p = (po»PT (po)) (Lemma 6 in Section B.4.3) i.e.
p(L;p, 2") = pi(po)- (35)
3. The third step considers the mapping from pg to

Tiv(po) := max ((Pr(w = 1).5(0:p. 2" (1) ) ),

and shows that, for any N large enough, there is 5 > 0 so that (a) it is a continuous
self-map on the compact interval [Pr(w = 1),1 — ;] and (b) it (only) has interior
fixed points pg y > Pr(w = 1) (Lemma 7 in Section B.4.4).

In all steps, we will identify a uniform upper bound on ¢ and a lower bound on N that
are required for the arguments to hold.

33To see this, take 6 < «; then |g(1;0n5) — q(0;0n5)| < 37 given any d-approximately truthful strategy
on. Together with (6) this means that |¢(1;0n)—q(0;0n)| < 2 |q(w’;0n)—m;| for j > 0 and ' € {0,1}.
So, arbitrarily large M makes the Euclidean distance between the mean actions arbitrarily small relative
to their distance to the quasi-referendum’s cutoffs. One can show that, for M > 0 large enough,
the Kullback-Leibler distance between the mean actions is at least smaller than their Kullback-Leibler
distance to the cutoffs.
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B.4.1 Proof of Proposition 1

We present the proof of Proposition 1 based on the construction of interior fixed points
po.n of Ty
Consider a sequence of interior fixed points pg y of Ty. By definition, for any N and

any interior fixed point pg y of Ty, the agents’ strategy py = (pz‘),N,p’ny(pS,N)) and the

principal’s mixed strategy given by z* (pa N) constitute an equilibrium. Since pN* €

D(0), the corresponding sequence of agents’ strategies is a sequence of d-approximately
truthful strategies. Since the limits of the strategies’ mean actions (N — oo) lie strictly
in the interval I;« by (29) and (30), an application of the law of large numbers implies
limy_oc Pr(m € Ij«|ny, N) = 1. This proves Proposition 1.

B.4.2 Lemma about the Principal’s Indifference

The principal will be indifferent if she observes that k = k*(py) + 1 out of NV agents have
chosen the action 1. For any fixed py € [Pr(w = 1), 1), we define k*(py) + 1 as the minimal
observed number of actions 1 such that the principal weakly prefers x = 1 given p; = qs,
ie.,

Pr(w=1) Pr (’f =k (po) + Hw =1;p1 = qg,po,N)
Priw=0) py (k: = k*(po) + 1w = 0;p1 = qg,po,N>

> 1. (36)

Note that k*(po) equals the best-response cutoff k given (pg,p1), so that (23) implies it
is not degenerate, i.e. k*(py) # N.
Lemma 5 shows that, for any candidate cutoff py, we can find a cutoff pj(pg) such

that, given the agents’ strategy p = <p0,p*1‘(p0)>, the principal becomes indifferent at
k*(po) + 1, the cutoff defined in the preceding section.

Lemma 5 (Indifference of the Principal). There exists 05 > 0 such that for all § < 6o
there exists No(6) € N and for all No(§) < N, there is a continuous function that maps
each py € [Pr(w =1),1) to a number pi(po) € [q%,q%] satisfying
Pr(w=1) Pr (’f = k*(po) + 1w = L;p1r = pi(po), po, N)
Prlw =00 Pr (k= k*(po) + 1w = 0:p1 = pi(po),po, N

~1. (37)

Proof. We show the uniform existence of a number pj(py) € [q% , qg] that solves (37). For

this we establish the existence of some 0, > 0 such that for each 6 < d5 there is some
Ny (6) € N and

Pr(w=1) Fr (’f = k*(po) + 1w = L;p1 = qs, po,

N)
_ <1 (38)
Pr(w=0) p, (k;:k;*(po)+1|w:0;p1=qg,po,N)

for all N > Ny(d), 0 <z, and py € [Pr(w=1),1).

(note that we fix p; = qs here). Combining (36) and (38) and applying the intermediate
value theorem then yields a pi(pg) € (qg 43 ] such that the principal is indifferent given
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pi(po)—i.e., (37) holds. Now, d; and N(§) for 6 < & exist by the following argument.
First, the minimality of k*(pg) + 1 implies a uniform bound 75 > 0 such that

1
Pr(wzl\k:k*(po)—i-l;p,]v)—§ < 72 (39)

for all N, 0 < i, and py € [Pr(w =1),1). Second, note that the definition of £*(py) equals
that of k for any p € D() with p; = qs- So, Lemma 3 implies

% € (q(O; p) +7,q(1;p) — %) (40)

for all p € D(0) with p; = qs, any 5 < }1, and any N > Ny; cf. (23). Third, note that
q(0; p) and ¢(1; p) are both strictly decreasing in p;. Given this, (40), and the properties
of the prior and signal distribution, there is 5 > 0 sufficiently small and ~3 > 0 so that

% € (q(O;p)aCI(l;P)>
and
%Kq%?q(o;p)) _ KL(%&(MP)) > 3

for all p € D(6), § < 3, and N > Nj. Jointly, these observations and (25) imply that
the posterior

Pr (k; = k*(po) + 1|w = l;p,N)
Pr <k = k*(po) + Ljw = O;p,N)

is strictly increasing in p;. Further, its derivative is bounded from below by an arbitrarily
large number if N is arbitrarily large. Recalling (39) and (36), we see that for any fixed
d < dy, there is No(0) € N such that (38) holds uniformly. As argued, (38) implies the
uniform existence of pi(pg) € [qg, qs | solving (37).

Finally, we note that pj(py) is unique and continuous. It is unique because the pos-
terior is strictly increasing. The continuity of pi(pg) in py follows from an application of
the implicit function theorem. O

B.4.3 The Agents’ First Fixed Point Equation

Lemma 6 shows that, for any candidate cutoff pg, we can find a principal’s mixed strategy
z* (p()) such that

p(1:p." () ) = pi(po): (41)

Lemma 6 (Mixing Lemma). There exists d3 > 0 such that for all 6 < 03 there is
N3(0) € N and for all N > N3(9), there is a continuous function that maps each py €
[Pr(w =1),1) to a number z* <p0> € [0, 1] such that (41) holds.

Proof. We fix p; = pj (po) for the duration of the proof of Claim 6. The proof leverages
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the principal’s indifference between the pure strategies with cutoffs £*(pg) and k*(po) + 1
(we drop pg from its notation in the following). We will derive approximations of the
indifference cutoff p(1;p, z) for the agents’ best response, given either of the two pure
strategies. The key is to establish that for small ¢ and large N,

p(L;p,2) <pj(po) if 2=0, and (42)
p(L;p,2) > pi(po) if z=1. (43)

Since p(1; p, z) is continuous in the probability z—see (3) and (9)—an application of the
intermediate value theorem then implies the existence of a principal’s mixed strategy
z* € (0,1) such that p(1, p, z*) = pi(po).

In the following, we first establish that the inequalities (42) and (43) hold in the
double-limit where we take N — 0o and then § — 0, i.e., we establish that lims o limy o p(1; p, 2) <
Pi(po) if z = 0 and lims_,¢ limy 0o P(1; P, 2) > pi(po) if 2 = 1. After that, we argue the
existence of the uniform bounds d; and Ny(6) for § < ds.

We start with the pure strategy where 1 — z = Pr(k = k* + 1) = 1. This means that
piv, is the event where k_; = k*(po) + 1 and

Pr(pivylw = w';p, N) =Pr(k_; = k" + 1|w = w';p) for ' € {0,1}, (44)

where Pr(k_; = k* + 1|w = w’;p) is the posterior conditional on k* + 1 out of N — 1
agents choosing the action 1. The principal is indifferent if she observes that k = k* 4+ 1
out of N agents have chosen the action 1, i.e.

Prw=1) Pr(k:k*+1|w:0;p,N)

= . (45)

Prw=0)" pr(k =k +1w=1p,N)
Since the strategies given by p are d-approximately truthful, as 6 — 0 we have

1 —q(w'sp) = Pr(s; = Olw = w'), (46)
so that

br (k‘i =K+ 1w =0:p, N) _ ((J(O; I)))kz*+1 (1 — q(0; I)))NW_2

Pr (lm T 1;p,N) 4(1;p) 1—q(1;p)

Pr(k:k*—i—l\wzo;p,]\f) Pr(s — Olw — 1
o r(s; = 0jw = 1) (47)

Pr <k: 4+ 1w = 1;p,N> Pr(s; = 0w = 0)-

Recall the property (30). It implies (7), i.e., that in the limit as N — oo, an agent cares
only about piv,. Hence, the condition (9) for the indifference cutoffs p(s) of the best
response imply

y B(s:p, 2) Pr (pivdw:O;p,N) Pr(s; = s|w = 0)
im = .

ip) | (48)
N—>ool—p(8;p,z) Pr <piv0|w: 1,p7N> PI’(SZ-:S’(U: 1)
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If we combine (44)—(47) and take 6 — 0, this indifference condition becomes

lim lim p(1;p,2) =p1 (49)

6—0 N—oo

for s = 1, with p; given by

P1 Pr(w=1) Pr(s;=0w=1) Pr(s; =1jw=0)

— : . , 50
1-p1 Pr(w=0) Pr(s;=0/w=0) Pr(s;=1w=1) (50)
Next, consider the pure strategy where z = Pr(/;; = k*) = 1. For this strategy,
Pr(pivylw = w';p) = Pr(k_; = k*|lw = ';p) for w € {0,1}. (51)
As 6 — 0, we have
Pr (k*i = Klw=0;p, N) _ (Q(O;p))k* _ (1 - q(O;p)>N_k*_1
Pr (k—i — J*w = 1:p, N) 9(1;p) 1—-q(1;p)
Pr(k=k+1w=0p.N) py(s, — 1w =1
— : r(s: w=1) (52)

If we combine (45), (51), and (52), and take 6 — 0, the indifference condition (9) becomes

lim lim p(1;p,2) =P (53)

6—0 N—oo
for s = 1, with p; given by

o Prlw=1) Pr(si=1jw=1) Pr(s;=1lw=0) Pr(w=1)
1—-p1 Pr(w=0) Pr(s;=1w=0) Pr(s;=1jw=1) Pr(w=0)

(54)

Now, we combine the approximations (49) and (53) with the requirement (5) on the
prior distribution to argue that (42) and (43) hold “in the double-limit.” The requirement
(5) implies

P <gqs and ¢ _s < Pr(w =1). (55)

Combining this with Pr(w = 1) < p; and qs < pi (po) < qs shows that

p1 < pi(po) < Pr- (56)

Hence, (49) and (53) imply (42) and (43) in the limit, i.e., as N — oo and then 6 — 0.
Note that we used Lemma 5 here, which guarantees the existence of pi(pg) for § < d, and
N > N5(9) (this also explains the order of limits).

Next we show that there are uniform bounds d3 > 0 and N3(d) € N for § < d3 such that
(42) and (43) hold not just in the limit, but for any 6 < d3, N3(d) < N, and p € D(6) with
p1 = pi(po). The limit analysis for p(1; p, z) used two approximations, (46) and (48), and
we argue that for any v4 > 0 we can find uniform bounds that ensure that both approxi-
mations hold up to an error term of at most 4. For (46), this is obvious for some § small
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enough. For (48), this follows from observing that the convergence here is exponential in
the difference min, o1y KL(%, q(w'; p)) — minge 0,13 ming~o KL (mj, q(w'; p)), and this
difference is uniformly bounded from below, given (30) and (23), for any N > N;, and
p € D(6) for § < §; and (with Ny and d; as in Lemmas 3 and 4). Hence, for any -, > 0,

the likelihood ratio % is 74-close to its limit when NV is above a certain bound

N3(9). This way, the inequalities (55) and (56) do not only hold for the limit terms, but
for N > Ns(6),

p(L;p, 2) < qs for 2 =0 and (57)
s < p(1;p, z) for z =1. (58)

Thus, (42) and (43) hold, given that qs < Pi(po) < g3, as stated above.
Finally, since (42) and (43) hold for any § < d3, N > N3(d), and p € D(d) with
p1 = pi(po), for any py > Pr(w = 1), an application of the intermediate value theorem

yields a z*(pg) such that (41) holds. Since f)(l; p, z) is strictly monotone in z, the mixed

strategy z* is unique; since ﬁ(l; P, z) is continuous in py (this is because pg, p1, and 2z

affect the likelihood of the pivotal events in a continuous way), 2* is also continuous in
Po- O

B.4.4 The Fixed-Point Construction

We use a fixed point argument to establish the existence of pj such that the agents’

strategy given by <p3, Pi (p0)> is a best response to itself and the principal’s mixed strategy

z <p3) .
Fix any N and ¢ that satisfy the uniform bounds of Lemma 6. This ensures that the
mapping from py € [Pr(w = 1),1) to the projection

Tiv(po) = max (Pr(w = 1),5(0;p,"(po) ) ), with p = (po, pi(m)),
is well-defined.

Lemma 7 (Fixed-Point Lemma). For any N, there is s > 0 so that the function Ty is
a continuous self-map on the compact interval [Pr(w = 1),1 — 5] and has only interior
fized-points.

Proof. The mapping is continuous in pg € [Pr(w = 1),1) because ;6(0; p, z*(p0)> is con-
tinuous in py. (This is because pj(po) and z*(py) are continuous in py and all three
parameters pg, pj(po) and z*(pg) affect the likelihood of the pivotal events in a contin-
uous way.) For any fixed N, ¢, and an agents’ information structure, the best response
p(0; p, z*) is uniformly bounded, i.e., p(0; p, 2*) < 1—n5 for some 75 > 0 and all p € D(9).
So, the projection Ty is a continuous self-map on the compact interval [Pr(w = 1), 1—ns].
An application of Brouwer’s fixed point theorem then yields a fixed point pj (0).

We argue that any fixed point p}(0) is interior, i.e., it is strictly greater than Pr(w =
1). To show this, we use (50). The best-response cutoff p(0; p, z*) relates to p(1; p, 2*) =
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Pi(po) via the following equation:

Pilpo) _  p(0;p,z")  Pr(si=0lw=1) Pr(s; = ljw =0)
1—pipo) 1-p(0;p,2*) Pr(s;=0w=0) Pr(s;=1w=1)

Comparing this to (50), we see that p; < pi(po) (which holds since N and § satisfy the
uniform bounds of Claim 6; cf. (56) in the proof of this claim) implies Pr(w = 1) <
p(0; p, z*). But this means that the boundary point py = Pr(w = 1) is not a fixed
point. ]

C Proof of Proposition 2

For any large enough N, we construct an equilibrium strategy oy with the mean action
exceeding the highest cutoff in each state,

mpr+ v < q(0;0n) < q(L;0n), (59)

for some v > 0. An application of the law of large numbers then yields the claim of
Proposition 2

The equilibrium strategy is found among a parametric family of cutoff strategies. For
each L > 0, let o, denote the strategy under which, after observing signal s € {0,1}, a
non-partisan agent chooses action 1 if and only if

Di Z pL(S);

where py(s) is implicitly defined by

_ Pryw=1|pi=pr(s),si=5)  pu(s) Pr(si=s]|w=1)

L := =
Priw=0]|p;i =pr(s),si=s) 1—pr(s)Pr(s;=s]w=0

(60)

Thus, higher values of L correspond to more demanding cutoff types. In particular, py(s)
is strictly increasing in L for each signal realization s, and since signal 1 is more favorable
to state 1 than signal 0, we have

pr(1) < pr(0) for all L > 0.

Hence the induced mean actions satisfy

9(0;01) < q(1;01).
We will work on a compact set of parameters L € [L, L], where

_ Prw=1) _, Prlw=1) = -
Lm0 o T (61)

for I = ?i(zljlzzé; Eigz;gt‘i(g These bounds are chosen so that, for any principal best

response (k, T) to a strategy o, the likelihood ratio conditional on the pivotal event piv,
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lies in the interval [L, L]:

Pr (piv0|w =0;0;, (k, ), N)

Pr (inO]w =10y, (l?;,i:%N) €Ll (62)

To verify (62), recall that piv, is the event that the realized number k_; of other agents
choosing action 1 is either k or k£ + 1. Since

Pr(w:1|k:E;aL,N> Pr(w:1|k:l;:—|—1;0L,N>
1<

<

)

Pr(w:0|k:E;aL,N> _Pr(w:O|k:/;:+1;aL,N>

the likelihood ratio conditional on piv, must indeed lie in [L, L] (we will also make sure
that k is not degenerate, meaning that k& # N, so that the posterior likelihood ratios are
well-defined.)

The next lemma packages the fixed-point argument that we will run on the compact
parameter set.

Lemma 8 (Self-map lemma). There exists ¢ € (mg,1—po) such that, for any distribution
of priors satisfying

Pl+(1—Po—Pl)<1—F(]3)> > q,

there are Nie N and § > 0 with the following property: for every N > N, every L €
[L — 0, L+ 6], and every principal best response (ky,Zn) to or,

(i) the induced mean actions satisfy
7 <q(0;01) <q(l;01),
(ii) the agents’ best response to op, and (ky,Zn) s again a cutoff strategy or, with
L'€[L—-6L+9)].
Proof. Recall the definition of p from the main text; in mathematical notation,

Priw=1|pi=p,5i=0) Prlw=1)
Pri(w=0|p;=p,5=0) Pr(w=0)

I (63)
Fix an information structure satisfying

pr+(=p—p)(1-Fp) >4

for some 1 — py > ¢ > mpg to be chosen below.

We begin with part (i). Since ¢(0;0) < ¢(1;0p) for all L, it remains to obtain a
uniform lower bound on ¢(0;0r). By continuity of p;(s) in L and the identity pz(0) = p
(which follows by comparing (60) at s = 0 with (63) and the definition (61) of L), there
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exists 6 > 0 such that
pr+ (1= po— 1) (1= F(prs(0))) > @
Now fix any L € [L — §, L + §]. Since py(s) is increasing in L,

pr(s) < piis(s) for all s € {0,1}.

Hence, using pr(1) < p(0),

awsor) = pr+ (L= po—p1) 3 Pr(si =s | w) (1= Flpe(s))
>p1+ (1 —po—p1) (1 F(p ))
>pr4+(L—po—p1)(1— Flpr+50)) > q

for both states w € {0,1}. This proves part (i).
 Next, fix L € [L — 0, L + 6] and consider any sequence of principal’s best responses
(kn,Zn) to or. We claim that

k
q(0;0r) < lim WN <q(l;op). (64)

N—o0

(which implies ky # N). Indeed, if one of the inequalities failed, then

i KL 00:0)) # Jim KL( a1 00)).
so by (17) the principal’s posterior at ky would converge to either 0 or 1. But, by defini-
tion, the principal’s posterior at ky lies below % and her posterior at ky +1 weakly above.
Since a single agent’s action is only boundedly informative, this directly contradicts the
convergence to 0 or 1.

Choose q € (mg,1 — pg) large enough so that whenever ¢(0;0) > g, then

KL(mp, a(;00)) > KL (mo,q(0;01))  for all o' € {0,1}, (65)
where
o
Mo = Nl~r>noo N '

Such a choice is possible because when ¢(0;07,) is close to 1 — pg, (64) implies my is close
to both mean actions, so the right-hand side of (65) is close to 0, whereas the left-hand
side remains strictly positive since mr < 1 — po.

Combining part (i) with (65), and using (21)- (22), we obtain the key large-deviation
implication:

Pr(piv, | piv;or, N) — 1. (66)

That is, conditional on being pivotal, an agent almost certainly affects the principal’s
preference over policies instead of the feasible policy set.
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~ We now prove part (ii). Fix any L € [L — 4, L + §] and any principal best response
(kn,Zn) to or. By (66) and the best-response characterization (9), the agents’ best
response is again of cutoff form, say o/ , with

Pr (piv0|w =0;0y, (/%N, n), N)

Ly — -
Pr (piv0|w =1:0y, (k‘N,iN),N>

as N — oo. By (62), the limit lies in [L, L]. Therefore, we can find a bound N, for which
Ly €[L—6,L+ ] for all N > N.
This proves part (ii). O

We can now complete the proof of Proposition 2. For every N > N, let T'y denote
the correspondence on the compact interval [L — 0, L + 0] that maps a parameter L to
the set of parameters L’ generated by the following two-step procedure:

(a) choose a principal best response (ky,Zy) to oy,
(b) choose an agents’ best response o, to o7, and (ky, ).

By Lemma 8, I'y maps the interval into itself. Moreover, it has non-empty, compact,
convex values and a closed graph. Hence Kakutani’s fixed point theorem yields a fixed
point L% of Ty for every N > N.

The corresponding strategy oz« is an equilibrium strategy. By Lemma 8(i),

q < q(0;0Ls,) < q(L;0Lx).
Since mg < @, choose any vy > 0 such that mr + v < ¢. Then
mr+v < q(0;0ry,) < q(l;0Ly);

so the equilibrium sequence satisfies (59), as claimed.

D Proof of Lemma 1

Recall that Proposition 3’s proof sketch in the main text established that any equilibrium
is informative.
To prove Lemma 1, we show that the average effect cannot equal zero in both states,

U(0;mn) # 0 or U(L;ny) # 0. (67)

Lemma 1 follows from (67) since U(0;nx) and U(1;7ny) must have the same sign. If
the two average effects had opposite signs, then the best-response inequality (2) would
point all non-partisan types in the same direction regardless of their signal, producing
an uninformative best response and contradicting the informativeness of equilibrium.
Before we establish (67), a preliminary observation: Any principal’s equilibrium strat-
egy is necessarily non-constant on average, i.e. E(z(k)) is non-constant in k. Suppose
it were not. The principal is never indifferent except possibly when observing k = k + 1,
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hence chooses a boundary point of the feasible set otherwise. Constant E(x(k)) would
mean chosen boundaries of the lower and upper feasible set Q(0) and Q(1) that are equal.
Since min Q(0) < max Q(0) < max (1) and min Q(1) # max Q(0), equality implies the
choice is E(x(k) )] = minQ(0) = minQ(1). However, this implies a contradiction: By
Bayes-consistency, the prior Pr(w = 1) > 1 implies k& with Pr(w = 1|k) >  and thus
E(az(k)) € {max Q(0), max Q(1)}, a contradiction.

Now we establish (67): For each k, let ry(k) := E(x(k + 1)) - E(x(k)) denote
the change in the principal’s expected policy when the observed number of actions 1
increases from k to k + 1. For any given agent, the number k_; of action 1 of the other

agents is Binomial, so we can write the average effect of an additional action 1 as as a
binomial-weighted sum:

U(w'snn) = Z <Nk_ 1> qn (W' UN>k(1 — g (W' UN))N_l_k ry (k).

k_i:ke{tmlNJ,EN,EN-i-l}

Introduce the odds ratio ¢ := 132188') € (0,00). Since ¢F(1 —q)N~17% = (1 — ¢)N~'t*, the

condition U(w’;ny) = 0 is equivalent to a single polynomial equation in ¢,

Prlt) = 3 <N N 1) ru(k)E = 0,

k,i:ke{ Lmle ,EN,EN+1}

where the polynomial’s coefficients are the (scaled) policy jumps (N . l)rN(k). Suppose
the coefficients at k,k + 1, and |m;N| are all non-zero. Then, the two jumps at ky
and ky + 1 have the same sign (if ¢(0;0n) < q(1;0x), then Pr(w = 1|k = kjoy) <
% < Pr(w = 1|k = k + 1;0n) and both are weakly positive; if ¢(0;ox) > ¢(1;0x), both
are weakly negative), so the coefficient sequence has at most one sign change. This is
trivially true if there are at most two non-zero coefficients. Further, since the principal’s
strategy is non-constant, the polynomial has some non-zero coefficients. By Descartes’
rule of signs, such a polynomial has at most one positive real root. Since any equilibrium
is informative (qn(0) # gn (1)), the corresponding odds ratios t differ across states, hence
U(0;ny) and U(1;ny) cannot both be zero.

E Proof of Proposition 3

Take any equilibrium sequence (7y)yen of a quasi-referendum meeting the conditions of

Proposition 3. Using Lemma 1, the main text’s sketch of proof already established the

existence of unique indifferent types 0 < pn(s) < 1 for any signal s and any N; cf. (9).
Suppose that the limit indifferent types are interior, i.e.,

0 < lim py(1) < lim py(0) < 1. (68)
N—o0 N—o0

Then the limit of the mean action differs across signals and thus across the two states,
e, 0 <limy,eq(0;0y) # limy_o q(1;08) < 1. By an application of the law of large
numbers, the realized share of actions 1 concentrates around the mean action in each
state, implying that the principal learns the state from observing it. Thus, information
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aggregates.
It remains to show that information aggregation is also implied by the negation of
(93). Note that the negation of (93) implies

lim px(0) = Jim py(1) € {0,1). (69)

N—oo

We lead (69) to a contradiction in a generic case (Case 1), and show that it implies
information aggregation in the complementary non-generic case (Case 2).

The arguments are based on a detailed analysis of point events for the realized number
k_; of actions 1 of the other agents: For any sequence (my)yeny with myN € N for all
N, we apply (17) to obtain

Pr (k_i =myN|w=w';0op, N> = exp ( — (N = DKL(my,qW',on)) + 0(N)>,

and the left equation in (18) to obtain

Pr(w=1lk_; = myN;on,N)  Prlw=1)
Pr(w =0lk_; = myN;on,N) 1—Pr(w=1)

- exp((N 1) (KL (mN, g(0; o—N)> ~ KL (mN, q(1; aN)))>. (70)

Specifically, we will consider the sequences given by m/y = Lm;VNJ, my = ]_“WN, and my =
%, with ky being the unique number satisfying (1). These sequences correspond to

the pivotal events pivy, pivyy, , and pivyg, ;. We make three preliminary observations:
First, as long as ky # N for all N large enough, we have

_ Pr(w=1[k_; =myN;on,N) 1
1 ! ! ) f " m 7
Nl—r>r<l>o Pr(w = 0|k_; = myN; oy, N) € (k, /1) or my € {my, my}, (71)

for some x > 0, by the defining property (1) of kxn (whenever we apply (71), we will rule
out the case ky = N). Second, (69) implies

. Pr(w=1]k_; = myN;on,N)
l Y 9 0 f _ ’ . 72
Nl—rgo Pr(u} = Olk—z — mNN;O'N, N) S { 700} or my My ( )

Otherwise the inference from piv,; would be bounded as N — co. Then, for any N large
enough, we would have either ky = N, so that only piv, would be relevant for the agents’
best response, or, by (71), the inference from piv, would also be uniformly bounded. In
either case, the indifferent types would be bounded away from 0 and 1.3* Third, (69)
implies imy_o ¢(0;0n) = limy o0 ¢(1; 0n). We set

¢ = lim ¢(W';on), and Ay = q(1;0x5) — q(0;0y) for any N.

N—oo

34The indifferent types are pinned down by (9). Given (71) and (72), boundedness of the in-
different type would follow from setting a = Pr(pivylw = 0;nn,N), b = Pr(pivglw = 1;nn,N),
¢ = Pr(pivy|w = 0;nn, N), d = Pr(piv,|w = 1;9n, N), and using the fact that for any u,v,a,b,c,d > 0,

we have min(¢, <) < % < max(g, )

o1



Case 1: m; # ¢ 3°

In this case we derive a contradiction to (69). For y > 0, let m% (v) = ¢* +7 and my(y) =
q* — . For any sequence (my)yen, when limy_ oo my # ¢*, the linear approximation
(20) applies, so that

(N — 1)(KL(mN,CI(0;UN)> - KL(mN,Q(l;UN)>) ~ —(N —1)( — - JAN.

For my = m/y, the unbounded inference (72) implies

lim (N —1)Ay € {—00, 00}.

N—oo

We show case by case that

W = i = ¢ (73)
First suppose limy_,oo(N — 1)Ay = co. By definition, this implies ¢(0;0y) < q(1;0n)
for large N. Using the above linear approximation for my = m% (), we see that for any
7 >0,

Pr(w =1lk_; = [myN];0on, N)

Nooo Pr(w = 0[k_; = [maN];on, N)
lim Pr(w = 1lk_; = [mnN];0n, N)
N—oo Pr(w = 0lk_; = [mnN|;0n, N)

=0 for my = my(7y),

= oo for my =mi(v).

In particular, there exist both collective actions k& for which the principal’s posterior
Pr(w = 1|k; o, N) exceeds 1, and others for which it does not. Hence, ky # N for large
N. The monotonicity of the posterior further implies limy_,o, m% € (my(7y), mk (7)) for
all v > 0, from which the claim (73) follows. The case in which limy_,o (N —1)Ay = —c0
holds is analogous. Since my # ¢*, the relevant divergences differ in the limit, i.e.,

0= lim KL(qu(w/;aN)) < A}im KL(ml,q(w/;aN))
—00

N—o00
for my = m/; and my = m’j. Thus,

. Pl"(k?_i = mNN|W7 ON, N)
lim =0
n—00 PI‘(]C_Z‘ = m§vN|W; ON, N)

for all w, my = m’,, and my = m;. Since the inference from each of m/, and m/y is

bounded, by (71), this implies interior limit cutoffs (cf. (3) and (9)), contradicting the
initial assumption (69).

Case 2: m; = ¢* This case can be decomposed into several analogous subcases; we
present one. Consider an equilibrium sequence such that limy_,o, Pr(w = 1|pivy;on, N) =
1, and such that, for any N, a type chooses the action 1 if and only if p; < py(s). Then,
since py(1) < py(0) € (0,1), it holds that p; < ¢(1;0n) < ¢(0;0n) < 1 — pg. Recall
that py(s) — 0 or py(s) — 1 by the assumption (69). If py(s) — 1, then ¢* =1 — py.

3°In the main text we assert that this is a generic case. This is true because (69) implies ¢* €
{pla 1- PO}
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However, then Pr(piv;jw = 1;0n5,N) < Pr(pivylw = 0;0n,N) and limy_,o Pr(w =
1|pivy; on, N) = 1 cannot hold. Thus, py(s) — 0, which implies ¢* = p;.
We now carefully examine the mean actions in each state,

qwon) —mi = (1—p1 — Po)( > Pr(s; = slw =) (F<pN(3)>)> +p1—pr

s=0,1
Using simple algebra,®® we see that

Pr(s; =0jw = 1) < 1im q(1;0n) —my < Pr(s; = ljw =1)
Pr(s; =0jw =0) = N=oo q(0;0n) —my — Pr(s; = ljw =

which implies

€ (0,00) (74)

for all w’.Using the approximation ¢(w’; o) & ¢*, we restate the quadratic approximation
(19) for m = my and ¢ = q(w';on) as follows:

(mzv —q(w'; UN))Q
2q*(1 —q¥)

This approximation yields the following difference in divergences:

KL(mN,q(w/;aN)> ~

(N — 1)(KL<mN,q(O;0N)> - KL(mN,Q(l; UN)))

~ (N_ 1) . 2 . 2
~ m(QmNAN +q(0;0n)° —q(1;0n) )
(N 1)

~ m(Q(mN — q(0; UN)>AN - A%)

For my = mly, the unbounded inference (72) together with (74) then implies that

A% N — oco. Applying the central limit theorem and denoting by kWN the realized share
of actions 1 among all V agents, we have

%N —q(w'son)

lim Pr (

N—o0

1
< Z|AN|’w = w';UN,N> =1.

Letting my = %, we see that with probability approaching one, as N — oo

LN
N

Q(mN — q(O, UN)>AN > ;A?V if W' = 1,

1
Z(mN — q(0; UN))AN < §A?\, if W' = 0;

%To be precise, we use the fact that for any w,v,a,b,c,d > 0, we have min (¢, §) < gust <
a ¢
max(b,d).
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hence,

ifw=1
(N = D (KL(m, a(0:0x)) = KL, a(1ion)) ) 4 52~
—o0 ifw=0.
Given (70), this means the principal learns the state with probability approaching one,
as N — oo: limy_yoo Pr(w = 1]ky;on, N) = 1 if the state is 1 and limy_,o Pr(w =
1lkn;on, N) = 0 if the state is 0.

F Proof of Theorem 1: The Remaining Equilibrium
Existence Result

Theorem 1’s proof in the main text relegated a general equilibrium existence result to the
appendix, which clarifies that the payoff guarantee of a quasi-referendum is well-defined:
For any N, any quasi-referendum, and any agents’ information structure, an equilibrium
exists.

To show this result, we lift the fixed-point problem to a finite-dimensional space.
We claim that equilibria can be represented as fixed points in the space of vectors

(q(();a),q(l;a),v) with Y, v = 1 and ¢(w';0) € [p1,1 — po] for ' € {0,1}. First, a
principal’s pure strategy is a mapping from the observed number k € {0,..., N} of ac-

tions 1 to policy choices z(k) € P. Thus, we can represent mixed strategies by vectors
v = (v1,...,UpNt1_g) € [0, 1)P"11 with 37,0 = 1. Second, recall that q(w';0) €

[p1,1 — po] for w’ € {0,1} given the partisans. We then observe that (q(O; 0),q(1;0), v)

is a sufficient statistic for the best-response correspondence since the principal’s inference
only depends on ¢(0;0) and ¢(1;0), given (1), and since the pivotal events and their
likelihood only depend on (q, v); compare to (2), and (3).Together, the observations im-
ply that any equilibrium induces a fixed point vector (q,v) and vice versa, hence our
representation. This representation will allow us a direct application of Kakutani’s fixed
point theorem to prove the existence result. Kakutani can be applied since the domain of
vectors (g, v) is non-empty, compact and convex. Further, the correspondence that maps
each vector (q,v) to its best response vectors is non-empty, convex, and has a closed
graph.

G Proof of Theorem 2

Fix a generalized quasi-referendum ). The proof of Theorem 2 proceeds in four steps.

1. We first establish information aggregation and show that in any equilibrium se-
quence, the state-contingent mean actions ¢(0; o) and ¢(1; o) converge to distinct
interior limits (Section G.1).

2. We then prove Lemma 2, which states that under the simple majority gateway

referendum, the limit mean action in state 1 exceeds the majority cutoff (Section
G.2).

3. This implies that the status quo constraint binds only in state 0; in this way,
the principal’s payoff is guaranteed to be arbitrarily close to the full-information
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benchmark.

4. Finally, we show that any other generalized quasi-referendum fails to achieve this
payoff guarantee (Section G.3).

G.1 Information Aggregation

As mentioned in the main text, the same proof as that of Proposition 3 establishes
information aggregation. The only difference is that the non-generic case (Case 2) can
be ruled out immediately, arguing with the properties of the gateway referendum with a
simple majority cutoff:

Proposition 3’s proof in the appendix starts with the assumption (69) of non-interior
limit indifferent types. This assumption implies that either only the 1-partisans choose
the action 1 as N — oo or all except the O-partisans. Thus ¢* = limy o q(W';0N) €
{p1,1 — po}. Since the simple majority cutoff is m; = % and since p; < % < 1—pg (cf.
Section 1) the case m; = ¢* (Case 2) can be ruled out. The other case (Case 1) leads to
a contradiction, as before. We conclude that the limit indifferent types must be interior,
which implies that the limit mean actions differ across the states, i.e.

lim ¢(1;0n) # lim ¢(0;0n). (75)
N—o0 N—o0

Since the realized collective action concentrates around the mean action in each state,
the principal learns the state from observing it. That is, information aggregates.

G.2 Proof of Lemma 2

We prove Lemma 2 by contradiction. Suppose that

lim g(1;on) < -
dim a(liow) < 5

We begin with a preliminary observation. Given (75), the limit mean actions are
strictly ordered. Then the principal’s cutoff must lie strictly between them:

. ok : ok
i aon) < iy < i altiow)or i alon) < iy < i a(0on),

(76)

depending on which ordering in (75) holds. To see this, note that if one of the inequalities
failed, then

i 80 # g (% 500

so by (22) the principal’s inference from observing the collective action

unbounded. However, this cannot be, given the definition of k; see (1).
Now, we consider the two possibilities in (75) and start with the second, reverse

ordering since ruling it out establishes the first ingredient discussed in the proof sketch

in the main text.
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Step 1: The reverse ordering cannot arise. Suppose that

Jim g(1;0n) < lim ¢(0;0n).

We distinguish two subcases.

Step la: The case limy_,o q(1;0n8) < % Under the reverse ordering, the principal’s
posterior

Pr(w=1]k;on,N)

is decreasing in the realized number k of actions 1. Hence her constrained best response
has the following form: x(k) = 0 for k¥ < [N/2], it jumps up to some x > ¢ at k =
|N/2] 4+ 1, and it is weakly decreasing for larger k, while remaining strictly positive.
Since limy . q(1;0n) < %, in state 1 the number of other agents choosing action 1
is Binomial with mode weakly below [ N/2]. Among all pivotal events, the event

13
2
therefore has the highest probability in state 1; all other pivotal events lie further above
the mode and are thus strictly less likely. At this event, an additional action 1 induces a
discrete upward jump from x = 0 to some x > . By contrast, at all other pivotal events
it induces only weakly smaller downward adjustments. Hence the average effect of an
additional action 1 in state 1 is strictly positive:

U(1;my) > 0.

We claim that this contradicts the reverse ordering. To see this, consider the agents’
best-response characterization (9). If U(0;ny) < 0, then all non-partisans strictly prefer
action 1, so

q(0;0n) = q(L;0n) =1 — po,

a contradiction. If U(0;nx) > 0, there are cutoff types 0 < py(1) < py(0) < 1 pinned
down by (9), and an agent chooses action 1 if and only if p; > px(s). Since signal 1 is
more likely in state 1, this implies

q(0;0n) < q(1;0y),

again contradicting the reverse ordering. We conclude that the case

Jim ¢(1;0n) < lim ¢(0;on)  and - lim g(1on) < %
cannot arise.
Step 1b: The case limy_,o, q(1;05) = % Suppose now that
lim ¢(1;0y) _1 and lim ¢(1;0n) < lim ¢(0;0n).
N—oo 2 N—00 N—roo
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Then (76) implies that the principal’s cutoff lies strictly above the majority cutoff,

1 k

— = i 1; lim — < i ; :

3 = A Athow) < i gy < i oGow)
The large-deviation calculus in (21) and (22) then implies that an agent becomes certain
of state 1 conditional on being pivotal. Consequently, all non-partisans choose action 1
in both states, so that

1
lim g(1;on) =1 — -
Jm a(lon) =1=p0 >3,

contradicting the case assumption that limy_, ¢(1;0n) = %

We have therefore ruled out the reverse ordering altogether. Hence one must have

lim ¢(0;0x) < lim ¢(1;0n). (77)
N—o00

N—oo

Step 2: Under the ordering (77), the event piv, does not affect incentives if
limy o0 ¢(1;0n) < % Maintain the contradiction hypothesis

| —

. . -
ngréo q(L;on) <

Together with (77), this implies

1
. . . . < =
]\}l—woq(O’ UN) < ]\}1_}()0(](1, UN) -2

By (76), we then have

lim — <

DN | —

The observation (78) implies that, conditional on piv,, the principal is constrained to
choose x = 0 regardless of the action of the fixed agent i. Hence the event piv, does not
affect agent i’s incentives. The only relevant pivotal event is therefore the referendum-
pivotal event

w- 1)

Step 3: Standard pivotal updating now yields a contradiction. Since (77) and
the contradiction hypothesis limy_,o. ¢(1;0n5) < % imply

: 1 _ 1
Jim KL at0:0m)) > Jim KL(5.a080)).

the standard large-deviation calculus in (21) and (22) yields

. Pr(w =1 piv;nn, N)
im = .
N—oo PI‘((U =0 ‘ in;nN7N>
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That is, conditional on being pivotal, an agent becomes certain that the state is 1.
Consequently, all non-partisans choose action 1, so that

1
lim g(1;on) =1 — -
Jim a(lon) =1= >3,

contradicting the maintained assumption limy_,. ¢(1;05) <
This contradiction proves Lemma 2.

1
3

G.3 Payoff Guarantees

Information aggregation together with Lemma 2 implies that the only potential loss arises
in state 0 if the principal is forced to choose some x > 0. In this worst case, she then
chooses the smallest feasible policy, x = . Consequently, the payoff guarantee of the
gateway referendum )* with the simple majority cutoff has the lower bound

P =0
r(w )8>1—€

B=1—-_—~"_"
Pr(w=1)

What remains to be shown to prove Theorem 2’s claim that Q* has a maximal payoff
guarantee is that no generalized quasi-referendum () has a payoff guarantee that exceeds
the lower bound B.

In the following, we assume that G(Q) > 1 —
contradiction.

We start with two preliminary observations: First, Theorem 1 implies G(Q) < 1 —¢
whenever Q(m) # {0} for all m. So Q(m) = {0} for some m. Second, we argue that,
for all j = 1,..., R+ 1, either Q(m;) = {0} or {0,1} C Q(m;). If Q(m;) # {0}, one
can construct approximately truthful equilibrium sequences where )(m;) becomes almost
certainly binding, as N — 00, using the identical argument as in Proposition 1’s proof
sketch. If then 1 ¢ Q(m;) or 0 ¢ (QQ(m;), the principal’s payoff in these equilibrium
sequences is at most B, as N — oo. Thus, Q(m;) # {0} implies {0,1} C Q(m;), under
the assumption that G(Q) > B.

The rest of the proof distinguishes three cases.

Pr(w=0)
Pr(w=1)

¢ for some () and lead this to a

Case 1. Suppose Q(0) = {0} and consider an information structure for which p; <
my < 1 — py. By the identical logic as in Section 3, for any large enough N, there is a
“deadlock” equilibrium in which the agents use a strategy with p; < ¢(1) < ¢(0) < my
and so that Pr(w = 1|k = [miN] + 1;0n,N) = 3 and the principal’s best response
is 0 after each m. This implies an upper bound of 0 for G(Q), in contradiction to the

assumption G(Q) > 1~ F=He

Case 2. Suppose Q(1) = {0} and consider an information structure for which p; <
mpg < 1 — po. Then, likewise, for any large enough N, there is a “deadlock” equilibrium
in which the agents use a strategy with mpr < ¢(0) < ¢(1) <1 — py and so that Pr(w =
1|k = |[mgN| + 1;0n5,N) = % and the principal’s best reply is 0 after each m. Again,

2
this implies a contradiction to G(Q) > 1 — giggz(g

€.

Case 3. Suppose Q(m;) = {0} for some j € {2,..., R}, Q(0) # {0} and Q(1) # {0}.

We argue that for large enough N, there would exist an information structure and an
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equilibrium in which the agents choose a strategy ox with ¢ = ¢(0;0n5) = ¢(1;05). Since
given such o, the agents’ collective action transmits no information, the principal’s best
response is her prior-optimal choice 1 if 1 € Q(m) and 0 if Q(m) = {0}. The principal’s
payoft from this equilibrium is weakly worse than choosing 1 for all m; so a sequence of
such equilibria would imply an upper bound for her payoff guarantee of 1 — gg:zg; < B,
in contradiction to the assumption that G(Q) > B.

The following shows that such an equilibrium would indeed exist. Fixing the princi-
pal’s best response described above (she chooses 1 if 1 € Q(m;) and 0 otherwise), it is
sufficient to show that there is a strategy ¢ and a ¢ so that ¢ = ¢(0;0n) = ¢(1;0n) and
U(0;n) = U(1;n) = 0. Then, any strategy of the agents is a best response, including o.

To prepare the argument, let j° denote the minimal number in {2,..., R} for which
Q(m;) = {0} and j7” the minimal number in {j’,..., R} for which Q(m;»4+1) # {0}. This
guarantees that the principal’s choice switches from 1 to 0 when & switches from |m;_; N |
to |mj_1N|+1, and it switches from 0 to 1 when k switches from |m;»N | to [m;»N |+1.
So, in the pivotal event piv; _,, an additional action 1 moves the policy downwards, and in
the pivotal event piv;,, an additional action 1 moves the policy upwards. Now, consider an
information structure with p; < mj_; and mj» <1 — py; this constraint on the partisans
ensures that for any ¢ € [mj_1, m;»|, there is a strategy o with ¢ = ¢(0;0) = ¢(1;0).

Consider o so that ¢(w'; o) = ¢ = my ;. Then, (21) implies limy o Pr(piv, _,|piv;n, N) =
1. Since an additional action 1 moves the policy downwards conditional on piv; _;, the
average effect is negative, i.e. U(w';n) < 0 for o’ € {0,1}. Conversely, consider o is so
that ¢ = mj». Then, (21) implies limy_,o Pr(piv,.|piv;n, N) = 1. Since an additional
action 1 moves the policy upwards conditional on piv,,, the average effect is positive,
ie. U(w'sm) > 0 for ' € {0,1}. Finally, an application of the intermediate value theorem
implies there is a strategy o with ¢(w';0) = ¢ € (mj_1,m;») and U(0;n) = U(1;n) = 0.
As explained above, this finishes the proof by contradiction in this last case.
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Online Appendix

H Construction of the Agents’ Deadlock Equilibrium
Strategy

We prove the remaining claim from Section 3 that there are agents’ information structures
and agents’ strategies oy with mean actions 0 < ¢(1;0y) < ¢(0;0n5) < my for which

1
Prw=1lk = |[miN|+1;0n5,N) = 7

Take any m; € (0,1), any pair of mean actions q = (q(O),q(l)) with 0 < ¢(1) <

q(0) < mq, and let m' = W Then, note that

Pr(k =m'N|w = 1)
Pr(k =m/N|w = 0)

_ exp( - N(KL(m', q(1)) — KL(m', q(O))>>,

by an application of (17).
If g(1) = ¢q(0), the principal learns nothing from her observations and

Pr(w =1k =m'N;q,N) =Pr(w=1) >

N | —

If ¢(1) < ¢(0), then limy o KL(m’,q(l)) - KL(m’,q(O)) > 0, so

lim Pr(w =1k =m'N;q,N)=0.
N—o0
By an application of the intermediate value theorem, for any N large enough, there
are mean actions 0 < ¢(1) < ¢(0) < m; for which

1
Prw=1lk =m/;q,N) = 5

For any such ¢(0) and ¢(1), we can always find a strategy o that induces these mean
actions whenever the share of partisans choosing action 1 is not too large, p; < ¢(1).

I Optimality for a Given Information Structure

In Section 5.1 of the main text, we stated Propositions 4 and 5. Proposition 4 concerns the
case in which the principal’s prior is sufficiently high, and its key step is that monotone
quasi-referenda with a single cutoff m; = % admit equilibrium sequences along which
the lower policy region ((0) binds with probability approaching one. We prove this
formally here, with an argument analogous to that underlying Proposition 2. Proposition
5 concerns instead a sufficiently low principal’s prior, and the corresponding argument is

symmetric.

Proposition 6. Fix the agents’ information structure and a monotone quasi-referendum
with single cutoff my = % If the principal’s prior Pr(w = 1) is sufficiently high, then
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there exist equilibrium sequences in which the realized policy set is QQ(0) with probability
converging to one as N — oo.

Sketch. For any large enough N, we construct an equilibrium strategy o with the mean
action below the cutoff in each state,

1
q(0;0n) < q(l;0n) < 5~ (79)
for some v > 0. An application of the law of large numbers then yields the claim.
We use the same parametric family of cutoff strategies o, as in the proof of Proposition
2, defined in (60). As shown there,

q(0;01) < q(1;07) for all L > 0.

We also use the same compact parameter interval [L, L] from (61). As in the proof of
Proposition 2, the posterior likelihood ratio conditional on the pivotal event piv, lies in
the interval [L, L]; cf. (62).

The critical lemma in the proof of Proposition 2 was Lemma 8, and its analogue is
the following.

Lemma 9 (Self-map lemma). For any p; < ¢ < i Pr(w = 1) is sufficiently high, then
there exist N € N and 6 > 0 such that, for every N > N, every L € [L —6,L+ 9], and
every principal best response (kyn,Zy) to or,

(i)
q(0;01) < q(1;0L) < q,

(ii) the agents’ best response to or, and (ky,Ty) is again a cutoff strategy o with

L'e[L—6,L+9).

The proof is analogous to that of Lemma 8, except that part (i) is now based on a
uniform upper bound on ¢(1; o) rather than a lower bound on ¢(0; 7). When Pr(w = 1)
is sufficiently high, the interval [L — 6, L +§] lies far to the right, so the cutoff types py (s)
are uniformly close to 1 for any L from this interval. Hence, for every g € (p1,3), all
sufficiently high Pr(w = 1), and all sufficiently small § > 0,

q(0;0p) < q(l;01)<q  forall L€ [L—6,L+9).

Part (ii) then follows exactly as in Lemma 8: Fix L € [L — 4, L + 4]. First, we show
that the principal’s cutoft %N lies strictly between the two mean actions when N is large,
i.e. (64) holds. Second, conditional on being pivotal and as N — oo, an agent almost
certainly affects the principal’s preference over policies instead of the feasible policy set,
i.e. (66) holds. Third, there is a uniform bound N so that for any N > N, the agents’
best response is again a cutoff strategy with parameter in the same interval.

Finally, we conclude exactly as in the proof of Proposition 2. For every N > N, let
I'y denote the correspondence on [L — &, L + 6] that maps a parameter L to the set of
parameters L' generated by:

(a) choosing a principal best response (ky,Zx) to oy,
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(b) choosing an agents’ best response o/ to o7, and (kx, Zx).

By Lemma 9, I'y maps the interval into itself. Further, it has non-empty, compact,
convex values and a closed graph. Kakutani’s fixed point theorem therefore yields a fixed

point L3 for every N > N. The corresponding strategy ory 1s an equilibrium strategy.
By Lemma 9(i),

q(0;0rx) < q(l;015) < q.

Choose v > 0 such that § < % — 7. Then

q(0;015 ) < q(L;o15) < 35—,

2

so the equilibrium sequence satisfies (79), as claimed. ]

J Single-Plateau Preferences

We consider the single-plateau setting that we described in Section 5.3.

e All players have common utilities u(z, w) = —c(x) +b(z)w for w = 0, 1, with u(z,w)
continuously differentiable in [0, 1] for w € {0, 1};

e u/(2,0) <0 for all z € [0,1];

e there is a unique optimal policy given the prior as well as given certainty that the
state is 1;

Z;Ei; is strictly increasing. This is the novel assumption, relative to the baseline
model.

Theorem 3 shows that the gateway referendum with the simple-majority cutoff achieves
a payoff guarantee above 1 — ¢, as in the baseline setting with linear preferences.

Theorem 3. In the single-plateau setting, the gateway referendum with the simple-
magjority cutoff aggregates information across all equilibrium sequences and agents’ in-
formation structures. It has a payoff guarantee that strictly exceeds 1 — €.

The proof proceeds as follows.

1. First, we generalize various definitions from the baseline model and characterize the
players’ best responses (Sections J.1 and J.2).

2. Second, the same argument as in the baseline proof shows that any equilibrium
must be informative.

3. Third, we prove an analog of Lemma 1 stated as Lemma 10 below (Section J.3).

4. Fourth, once this analog is established, the information-aggregation and payoft-
guarantee arguments follow by the same steps as in the baseline proof (Section

J.4).
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Lemma 10. In the single-plateau setting, any equilibrium ny of the gateway referendum
with simple-majority cutoff satisfies

either U(w';ny) > 0 for all W' € {0,1},
or U(w';ny) <0 for all W' € {0,1},

with the average effects defined in (15) and (16).

A remark up front: Given the gateway referendum, the principal will not choose any
policy above z*(1) = argmax,ep u(x, 1) for any belief about the state. Thus, it is without
loss to restrict the policy space to P’ = P\ {z : > 2*(1)}. To be consistent with the
earlier normalization, we now normalize 2*(1) = 1. This way,

u(z;,0) < u(x;,0) and u(z;, 1) > u(x;, 1) (80)

for all z;, z; € P’ with z; < z;, and «/(x,1) > 0 for all z € [0, 1).

J.1 Preliminaries: Principal’s Best Response

We describe the principal’s best response correspondence; first, in terms of belief cutoffs,
and then in terms of cutoffs for the observed number k of actions 1

Lemma 11. In the single-plateau setting, the principal’s best response takes an interval
form. There are cutoffs 0 < pa1 < p3a < ... <pri—1 < pit1, =1 so that for j =2,...,1,

1. The principal is indifferent between x; and x;_1 if she believes the likelihood of state
1 s pjd‘_l,

2. she prefers x; over all other policies x € P if Pr(w = 1|k;0,N) € (pjj—1,Dj+1,5)-
Finally, she prefers x1 over all other policies v € P if Pr(w = 1|k;0, N) < pa1.
Proof. Set

— C l‘z) . . . .o
= gl T, thi,jel, ...l
pj, b(xj) — b(mz) ori <) withz )€

A policy z; is preferred over a policy x; < x; at a belief p = Pr(w = 1) if and only if

E<u(xj,w)|p) > E(u(mi,w)]p> & —c(z;) + b(x;)p > —c(x;) + b(z;

=51

C
ep>

Since u(z;,0) < u(x;,0) and u(z;,1) > u(x;, 1), the cutoffs are interior, i.e. p;; € (0,1),
and the principal is indifferent between z; and z; if and only if Pr(w = 1|k;0, N) = p;,.
Finally, we establish the claimed ordering of the belief cutoffs: For each j =2,...,[ and
the adjacent pair (z;_1,2;), Cauchy’s mean value theorem yields some &; € (x;_1,x;)
such that

p-lzcwﬂ_cﬁfﬁ (&)
10— b(%) — b(‘rj—l) b,(g])
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4

Since 7; is strictly increasing and &; are increasing in j, it follows that

P21 < P32 << Pri—1-

Finally, a transitivity argument implies that she prefers x; over all other policies x € P
if Pr(w = 1|k;0,N) € (pjj—1,Dj+1,5)- ]

Next, we give a parallel description in terms of cutoffs for the observed number k of
actions 1: If ¢(0;0) < ¢(1;0), the posterior Pr(w = 1]k; 0, N) is increasing in k. Either
the prior-optimal policy is uniquely optimal for all k, and we set k;; ; = N for all
Jj €42,...,1}; or, the posteriors cross one of the belief cutoffs. For each j € {2,...,(}

such that the posterior crosses p;;_1, there is a minimal —1 < l%j,j,l < N so that?”
PI’(UJ = 1“—@"]',1; g, N) < Pji—1 < PI‘(W = 1’];37]'71 + 1;0’, N)

Whenever such lgj,j,l does not exist for some j € {2,...,1}, we set l_cm,l = N.
Analogously, if ¢(0; o) > ¢(1;0), then, the posterior Pr(w = 1|k; o, N) is decreasing in
k. So, either the prior-optimal policy is uniquely optimal for all k£, and we set lzrj’j_l =N
for all j € {2,...,1}; or, the posteriors cross one of the belief cutoffs. For each j €
{2,...,1} such that the posterior crosses p;;_1, there is a minimal 0 < k;;_; < N so that

PI'((JJ = 1|l;7j,j_1; g, N) > Pji—1 2 PI'((.U = 1’];?]'7]'_1 + 1;0’, N),

Whenever such k;;_; does not exist for some j € {2,...,1}, we set k;;_; = N.

J.2 Preliminaries: Agents’ Best Response

We start by generalizing several definitions from the baseline model.

First, we set pivg = Uj_o 1%, ;<N Uke{,;j’jih,;j’jiﬁl}pivk where piv® denotes the event
that k_; = k (previously, the principal could only be indifferent at the cutoff k, so the
only possible pivotal events were k and k+1), and piv = Uj—q_._ rpPiv; with piv,; defined
as before for j > 0. Second, the average effect U(w’;n) of an additional agent’s choosing
action 1 in state w’ is defined via (15) and (16).

Now, if agent 7 has signal s; = s and type p; = p, then he prefers action 1 if

Priw=1|pi=p,si=5)U(;n) —Pri(w=0|p;i=p,s;=5s) UO;n) >0, (81)

given a strategy profile 7.

J.3 Proof of Lemma 10

We show that for any equilibrium 7y and any agents’ information structure,

U(0;nn) # 0 or U(l;ny) # 0. (82)

Lemma 10 follows since U(0;ny) and U(1;ny) must have the same sign. If the two
average effects had (weakly) opposite signs, then the best-response inequality (81) would
point all non-partisan types in the same direction regardless of their signal, producing an

3TWe abuse notation here and set Pr(w = 1|k = —1;0, N) = 0.
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uninformative best response and contradicting the informativeness of equilibrium (which
can be shown by the same argument as in the baseline proof, as noted).

To prepare the proof of (82), we introduce

t= IL € [0,00), and note (1 —¢)VN 1= (1+¢)~"-b,
—q

For each w, define
U(l,q) := (1 -V F(t), U(0,q) := —(1 — ¢)N ' Fy(t)

where

and

Let

U(O;nn) =U(0,90),  U(linn) =U(1,q1).

Thus it suffices to show that

U(0,q0) #0 or U(l,q1) # 0.

The proof of (82) is by contradiction. Assume that
U(0;90) =U(L;¢1) = 0. (83)
Case 1. q(0;0n) < q(1;0n)

Given the case assumption, the principal’s posterior is increasing in k; thus the same
holds for any principal strategy x(-) in the support: z(k+1) > z(k) for all k. Since u(-,0)
is strictly decreasing, it follows that r(k,0) < 0 for all k. Moreover, z(-) is non-constant
(e.g., 2(0) = 0 and x(N) > ¢ by definition of the quasi-referendum), hence z(k+1) > x(k)
for at least one k, which implies r(k,0) < 0 for that k. Therefore Fy(t) < 0 for all ¢ > 0,
and thus U(0,q) > 0 for all ¢ € (0,1), in contradiction to (83).

Case 2. ¢(1;0n) < q(0;0n).

The second case requires several auxiliary lemmas. The first shows that U(1,q) has
no root around ¢ = 0. The second bounds the number of positive roots of U(w;-) to
be at most 1 for each w. The third shows that U(1,-) is strictly positive at any root of
U(0,-). We derive the contradiction to (83) after the statement of the third lemma. Let
k:=|N/2].
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Lemma 12. U(1,q) > 0 for all sufficiently small ¢ > 0.

Proof. By definition of the quasi-referendum, z(k) = 0 for & < x implies u(x(k~l— 1), 1) -
u(:)s(k:), 1) = 0 for all k¥ < k, while z(k + 1) > x(x) = 0 and strict monotonicity of u(-, 1)
imply u(a:(/{ +1), 1) — u(x(/i), 1) > 0. Thus Fi(t) = t"G(t) for a polynomial G with

G(0) = (N - 1) <E(u(x(fi +1),1)) — u(0, 1)) >0,

K

so Fi(t) > 0 for all sufficiently small ¢ > 0, and hence U(1,q) > 0 for all sufficiently small
q > 0. ]

Lemma 13. For each w € {0,1}, the function U(w,q) has at most one positive root
(counting multiplicities).

Proof. Since (1 — q)V~1 > 0 for ¢ € (0,1), strictly positive roots ¢ € (0,1) of U(w,-)
correspond to strictly positive roots t > 0 of F,.
For every principal’s strategy z(-) in the support, we have

z(k)=0forall k <k, x(k+1)>x(k) =0, and z(k + 1) < x(k) for all k > x + 1.

Since (-, 1) is strictly increasing while u(+,0) is strictly decreasing, it follows

0 for k < k, 0 for k < K,
u(x(k’—i—l), 1) —u(x(k), 1) =4>0 fork=nx, u(x(k—i—l), 0) —u (x(k:), 0> =4<0 fork=nk,
<0 fork >k, >0 fork > k.

Taking expectations preserves these (weak/strict) inequalities, so for each w € {0, 1} the

coefficient sequence (r(k,w)) k:io of F,, has at most one sign change (after omission of
zero coefficients) and is non-constant. By Descartes’ rule of signs, each F, has at most

one strictly positive real root (counting multiplicities), and therefore also U(w, -). O
Lemma 14. IfU(0,q9) = 0, then, U(1,q) > 0.

We postpone the proof of Lemma 14. First we show how the three lemmas imply a
contradiction to (83) as follows. Recall our notation

qo = Q<O§UN)7 q1 = C](1; UN)»

so that in Case 2 we have 0 < ¢; < ¢o < 1. By Lemmas 12 and 14, U(1,-) is positive
near 0 and also at gop. We claim that this implies U(1,¢q) > 0 for all ¢ € (0, go] and thus
U(1,q) > 0, which contradicts (83).

Suppose not. Then either:

(i) U(1,-) becomes strictly negative somewhere on (0, ¢qp), in which case continuity
implies that U(1,-) has at least two distinct positive roots; or

(ii) U(1,-) stays nonnegative on (0, qg] but equals zero at some ¢ € (0,¢qp), in which
case that root has even multiplicity.
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Both possibilities contradict Lemma 13. Therefore U(1,¢q) > 0 for all ¢ € (0, go].

Now, we prove Lemma 14. The proof of Lemma 14 is based on certain algebraic
identities implied by U(0, go) = 0, which we will state in Claim 4. To state the identities,
we introduce two central objects (; and r) and record their monotonicity properties.

Fix ¢ € (0,1) and recall that ¢ := 1. For k € {k,k +1,...,N — 1} define the
(binomial) likelihood ratio

(V- Pr (Bin(N ~1,9) = k)
O = T = : (84)
(")t Pr (Bin(N —1,q) = /1)
Note that 6, = 1 and
b _ () N1k
T S T T
which is strictly decreasing in k. Hence ((5;6)2;1 crosses 1 at most once.
Next, for every k > x with r(k,0) > 0 we define
k,0) —r(k,1
Tk — T( U ) T( Y ) (85)

r(k,0)
and show the following monotonicity property.
Claim 2. If K >k > k and r(k,0),r(k’,0) > 0, then ri > ry.

Proof. Fix k' > k > k with r(k,0),r(k’,0) > 0. By definition, u(z,w) = —c(x) + b(x)w,
so that

r(,0) = B(c(2(7) ~ e(a(G+ 1)), r(.0) =7, 1) = B(b(w())) — b(x(j + 1)),
and therefore

B (b () - b(z(j + 1))

r; = for 7 > k.

E<c(x(])) —c(z(j + 1)))

Since z(j) > x(j + 1) almost surely, we have
c(:z:(g)) — c(x(j + 1)) > 0.
Moreover, 7(j,0) > 0 implies

B(c(@(j)) = e(z(j +1))) > 0.
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Therefore,

Tj:

. . b(x(5))—b(x(y
B((c(a()) = e((j + 1)) SBLETER 15y )
B(c(e()) = e(a(j +1))

Hence r; is a weighted average of the realized secant slopes

b(x(j)) — b(x(j +1))
c(x(j)) — c(z(j + 1))

over those realizations for which z(j) > (5 + 1), with weights proportional to ¢(z(j)) —
clalj+ 1))

Now let z(j) and z(j) denote the highest and lowest policies in the support of z(j).
By Lemma 11, the principal is indifferent between at most two policies at each 7, so these
are well-defined; further, if 7/ > j all principal-optimal policies at j’ lie weakly below all
principal-optimal policies at j. Thus every policy in the support of x(j’) is weakly below
(7). Hence

2(j) > 2(j) 2 z(j") = z(5')  for all j' > j.

Consider any realization of the principal’s strategy with xz(k) > z(k + 1) and any
realization with z(k") > z(k' 4+ 1). Set

xy = x(k), x9:=ux(k+1), 3 :=x(k), x4:=z(k +1).
Then z; > x5 and x3 > x4, and the support ordering above implies
T 2> T3, To = Ty.
Therefore, by the Claim 3 below,

b(z1) — b(x2)
c(xy) — c(xg)

<

Since the two realizations were arbitrary, we see that every realized secant slope entering
ri is weakly below every realized secant slope entering r. Because r;, and ry are weighted
averages of their respective realized secant slopes, it follows that

Tk S Tk
This proves the claim. O]

Claim 3 (Ordered secants). Suppose b,c € C'([0,1]), ¢(z) > 0,V/(z) > 0 for x € [0,1)
and Z—: is strictly increasing. Let x1 > xo and x3 > x4, with x1 > x3 and xo > x4. Then
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Proof. Define h := cob~!. Then

W) — c’(bfl(u)>
Yo b (b))

which is strictly increasing because 7
For u > v, define the secant slope

h(u) — h(v)'

u—v

/

is strictly increasing. Hence h is strictly convex.

sp(u,v) =

Since h is convex, s;,(u, v) is increasing in both v and v. Setting u; = b(z;) fori = 1,2,3, 4,
we have uy; > us, us > uy, and

c(xy) — c(x2) c(w3) — c(x4)

b(z1) — b(x2) b(x3) — b(ws)

Taking reciprocals yields the claim. O]

= sp(ug,ug) > splusg,uy) =

The next part rewrites U(0, go) = 0 as a “cost-balance” identity (86) and shows that,
given this identity, U(1, go) > 0 is equivalent to the displayed inequality in (87).

Claim 4. Suppose U(0,qy) = 0, and evaluate 0y at qo (equivalently, at to := 130%). Then

N-1

3" (6 — 1)r(k,0) = E(c(:z:(N))) — «(0), (86)

k=r+1
and U(1,qo) > 0 is equivalent to

N-1

S (@ -1) E(b(:r(k)) — b(a(k + 1))) < E<b(x(N))> — b(0). (87)
Proof. Since U(0,q) = —(1 — ¢)N"1Fy(t), the identity U(0,q)) = 0 is equivalent to
Fy(tg) =0, i.e.

0= (N; 1)75’57“(&,0)—# Z_ (Nk_ 1)t’gr(k;,0).

k=k+1

Dividing by (V)¢ > 0 yields

z_: o 1r(k,0) = —r(k,0). (88)

k=r+1

Next, a telescoping argument gives

— 2 r(k,0) = E(c(:p(N)) —c(x(k + 1))) (89)

k=r+1
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Finally, since z(k) = 0 we have —r(x,0) = E(C(Q}(/i + 1))) — ¢(0). Combining this with
(88)-(89) yields (86).

For the second statement, note that Fi(ty) = Fi(to) — Fo(to) since Fy(tp) = 0. Writing
out both expressions gives

Fi(to) = (Ngl) £ (r(e.1) Z ou(r(k,1) = (K, 0))).

k=kr+1
Thus U(1, ) > 0 is equivalent to
N-1
r(k,1) = r(k,0)+ Y 0k(r(k,1) = r(k,0)) > 0.
k=r+1

Rearranging,
N—-1
Y 6 (r(k, 0) — r(k, 1)) < r(k,1) — r(,0).
k=kr+1

Substituting

r(k,0)=r(k,1) = B(b(e(k) ~b(z(k+1))),  r(s1)=r(x,0) = B(b(e(x+1))~b(0)),

gives
N-1
3 6 E(b(:p(k)) ~ b(a(k + 1))) < E(b(x(m 1) — b(())).
k=r+1
Subtracting the telescoping identity
N-1
3 E(b(x(k)) — b(a(k + 1))) — E(b(x(/-@ +1)) - b(x(N)))
k=r+1
from both sides yields equivalence of U(1,gy) > 0 to (87). O O

Now, we combine the single-crossing of d, — 1 with the monotonicity of r; to verify
(87) at qo, and thereby conclude U(1, qg) > 0.
Define

k:=max{ke{x+1,...,N—1}:0, >1and r(k,0) > 0}.
Note that ST n+1( —1)r(k,0) = E( (x(N))) —¢(0) > 0 implies that there exists some
k > k with 0, > 1 and r(k,0) > 0, so k is well-defined. By monotonicity of 7y,

ry <1 for all kK + 1< k < k with r(k,0) >0,
ry > 1 forall k> k with 7(k,0) > 0.
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Using (85),
E(b(a:(k)) — b(a(k + 1))) = r.r(k,0)  (and both sides are 0 if r(k, 0) = 0).

Thus, Claim 2 and the single-crossing sign pattern of §, — 1 imply®®

(3~ DE(ba(k) — bak + 1)) = 3 (5 Drir(h.0)
<r; Z_ (0, — 1) r(k,0)
k=r+1
— i (B(clw(N)) ) = e(0)), (90)

where the last equality uses (86). To conclude (87), it therefore suffices to show

E(b(:c(N))) — b(0)
E(c(m(N))) —e(0)

T, < (91)

This is proved by the same secant slope-monotonicity argument used above to establish
the monotonicity asserted in Claim 2. To establish (91), note first that r; is a weighted
average of the realized secant slopes

b (k) — b + 1)
c(x(k)) — c(x(k+ 1))

~ ~

over realizations with x(k) > z(k + 1). Hence

r; < max b ( )x/% z(k 1}.
= {dd@)—dﬂ%+n) )= et )

Likewise,

E(b(a:(N))) —b(0)
E<c(x(N))> — ¢(0)

is a weighted average of the secant slopes

b(z) — b(0)
c(z) — ¢(0)

38The inequality (90) is the standard “single-crossing weights + monotone ratios” comparison. It can
be viewed as a rearrangement inequality, compare to Hardy, Littlewood and Polya (1952, Inequalities,
Ch. 10).
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over z in the support of x(/N) with z > 0, and therefore

E(b(m(N)))—b(0)> | {
B(cla(V)) —c(0) L) = <l0)

: z € supp (x(N)), z > 0}.

Now fix any realization with z(k) > z(k + 1) and any z € supp (m(N)) with z > 0.
By monotonicity of the principal’s best reply,

~

w(k) >k +1) > 2> 0.

Applying Claim 3 with
(er,22) = (2(), 2k + 1)), (2g,20) = (2,0),

yields

c(z(k)) — clz(k + 1)) ) -

~

where the inequality is strict because xz(k + 1) > 0 (so x2 > x4). This holds for every
such pair and we obtain

. { bl (k) — bla

>

_|_
+1)) c(2) = ¢(0)

>

c(a(k)) — efa(

Combining with the previous displayed inequalities yields (91).

1)) s (k) > x(k + 1)} < min {M : z € supp(z(N)), z > 0} .

J.4 Remainder of Theorem 3’s Proof

The remainder of Theorem 3’s proof is almost verbatim to that in the context of the base-
line model, with only smaller notational changes (mostly, replacing the argument for the
single cutoff k with analogous ones for the multiple cutoffs I;;jyj,l). Precisely, mimicking
Proposition 3’s proof establishes information aggregation, and mimicking Theorem 2’s
proof establishes the lower bound on the payoff guarantee. The details of the remainder
are thus omitted.

K Heterogeneous Ex-Post Preferences

We consider a variation of the baseline model from Section 1 in which the voters have a
private preference type, and payoffs can depend on the state in a general way. Except
for this additional type dimension, the baseline model is unchanged.

Formally, each agent i is a (non-strategic) partisan for a € {0, 1} and chooses a; = a,
with probability 0 < p, < %, as before. A non-partisan agent has a private type, which
is a prior p; € [0,1] and a pair t; = (tl-(()), ti(1)> € [0, 1]%, describing the type’s constant
marginal benefit from the policy choice in the two states. Types t; are drawn from a
distribution G and independently from priors, signals, and the state, and across voters.
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A type (pi,ti(O),ti(l))’s payoff from z in w is

x (ti(w) — c>,
Given a strategy profile 7, a type prefers the action 1 if and only if

i (ti<1) - C) Pris; = sl = 1)U(ls n)

Pri(s; = s)
—(1—p) (c . ti(O)) Pr(;;;;':; O ;) > 0. (92)

We assume that the mass of types for which p; (ti(l) — c) =0 and (1—p;) <c— ti(O)) =0
is zero and ignore these types in the following, without loss of generality. Finally, we
generalize the notion of an agents’ information structure 7 to mean the pair of a signal
and a type distribution.

K.1 The Aggregate Preference Function ¢

We show that the equilibrium set in this generalized setting depends on the type distri-
bution only through the aggregate preference function

<I><U(0;n),U(1;n)J>
= ot (L= pr = ) Pr ({(pi ) 2 pa(60) = ) U(15m) 2 (1 = pi) (¢ = :(0)) - 1- U(0:m)} )

. Pr(s;=s|w=0)
for [ := Pr(s;i=s|w=1)"’

First, equilibria are equivalently characterized by a principal’s strategy (k,Z) and a

via two observations:

mean action pair q = <q(0), q(l)) so that (k, ) and q are best replies to (k, %) and q. To
make sense of this, note that, for any strategy profile n = <a, (k, 5:)) , the mean action pair

q(o) = (q((); a),q(1; a)) pins down the set of principal’s best replies; q and (k, Z) together
pin down the average effects U(w';n);3® and the average effects are a sufficient statistic for
the agents’ best reply, given (92). In conclusion, q(c) and (k, ) are a sufficient statistic
for the best reply correspondence, which yields the claimed equilibrium characterization.
Second, multiplying (92) by % shows the best reply correspondence’s mean
action pairs depend on the type distribution only through ®. Consequently, the same is
true for the equilibrium set, as claimed.

Before we proceed to deriving analogs of the main results for the heterogeneous-
preference setting, we recall from the main text that the value of ® at (U(O; n),U(1;n), l))

only depends on

whenever U(1;7n) # 0, and that an agents’ information structure has monotone preferences
if ® is continuously differentiable in z; and d®/dz; has the same non-zero sign for all

39Cf. (1) and (3).
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21 € (0,00).

K.2 Analog of Proposition 3

An analog of Proposition 3’s statement about information aggregation holds in the
heterogeneous-preference setting.

Proposition 3’. Consider any monotone quasi-referendum with a single cutoff and any
agents’ information structure with monotone preferences. Information aggregates in all
equilibrium sequences if the quasi-referendum has no balance and max Q(0) < max Q(1).

The proof of Proposition 3’ closely follows that of Proposition 3. We therefore do not
repeat the full argument, but only describe the necessary modifications.

In the baseline proof, the first step establishes Lemma 1. This lemma continues to
hold in the heterogeneous-preference setting, with an identical proof.

The baseline argument then shows that, for each signal s € {0,1}, Lemma 1 im-
plies the existence of a unique indifferent type py(s) € (0,1). The proof proceeds by
distinguishing two complementary cases:

0 < lim py(1) < lim py(0) <1, (93)
N—oo N—o0
or
lim pa(1) = Jim pw(0) € 0,1}, (94)
N—oo N—o0

and shows that each case leads either to a contradiction or to information aggregation.

In the heterogeneous-preference setting, equilibrium strategies are no longer charac-
terized by two indifferent types. Instead, the analogous dichotomy is expressed in terms
of the ratio of average effects. We distinguish the cases

. (0; )
]\}1_13;0 (L 1) € (0, 00), (95)
and
. U(0;n)

In the first case, monotonicity of preferences implies that the mean actions differ across
states, i.e. ¢(0;0) # q(1;0) (cf. (14)). Since the realized collective action concentrates
around the mean in each state, the principal learns the state from the observed outcome,
and information aggregates.

In the second case, note that in the baseline model (96) is equivalent to (94) via
(9). Hence, the baseline proof can be adapted almost verbatim: (96) either yields a
contradiction (generic Case 1) or implies information aggregation (non-generic Case 2).
The required modifications are as follows.

1. In the baseline proof, (72) follows from the fact that the indifferent types are

bounded away from 0 and 1. In the present setting, the same conclusion follows
directly from (96): if (72) failed, then the ratio % would remain bounded away

from 0 and oo, contradicting (96).
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2. In Case 2 of the baseline proof, subcases are distinguished according to:

(a) whether limy_,o, Pr(w =1 | pivy;on, N) equals 0 or 1, and

(b) whether types choose action 1 for p; < py(s) or for p; > pn(s).

In the baseline model, (b) is equivalent to the sign of U(1;ny): if U(1;ny) < 0, a
type chooses 1 iff p; < pn(s), and if U(1;7y) > 0, a type chooses 1 iff p; > pn(s).
Since the object U(1;ny) is also well-defined in the heterogeneous-preference setting
and given this equivalence, the same case distinction and proof can be reused.

3. The first paragraph of Case 2 is replaced by:

“This case can be decomposed into several analogous subcases; we present one. Con-
sider an equilibrium sequence such that imy_ o, Pr(w = 1 | pivy;on,N) = 1 and
U(1l;nn) < 0 for all N. Monotonicity of preferences then implies p1 < q(1;0n) <
q(0;0n) < 1—po. By (96), either gg?gg; — 00 or — 0. If the ratio diverges to oo,
then ¢* = 1 — pg, which contradicts limy_,o Pr(w = 1| pivy;on, N) = 1. Hence the
ratio converges to 0, implying ¢* = p1.”

4. In the subsequent analysis, the expression F <pN(s)> is replaced by @(zl(s), 22),

where

z1(s) = 0: i ; (1);, 2y = sign (U(l;nN)>.

K.3 Analogs of Theorem 1 and 2

The analogs of Theorem 1 and 2 hold, provided monotone preferences and the condition
that a majority of types ranks policy 0 highest in state 0 and policy 1 highest in state 1.
Formally,

p1+ (1 —p1—po)Pr ({ti (1) —e > 0}) > %, and (97)
po (1= pr = po) Pr ({8 s e~ 1,(0) > 03) > % (98)

Theorem 1’. Any collective veto of the maximal policy has a payoff guarantee of 1 — ¢
across all agents’ information structures with monotone preferences and satisfying (97)
and all equilibrium sequences. This maximizes the payoff guarantee across all quasi-
referenda.

Theorem 2’. The gateway referendum with the simple majority cutoff m; = % has a
payoff qguarantee larger than 1—¢e across all agents’ information structures with monotone
preferences and satisfying (97) and all equilibrium sequences. This mazximizes the payoff
guarantee across all generalized quasi-referenda.

The proofs of Theorem 1’ and Theorem 2’ are almost the same as those of Theorem
1 and Theorem 2, whose proofs relied on Proposition 1 and Proposition 3.

Proposition 1 showed the existence of an information structure and a corresponding
inefficient equilibrium sequence. It remains true since we only expanded the set of feasible
information structures by allowing for heterogeneous ex-post preferences. We already
proved an appropriate analog of Proposition 3 in Section K.2.
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With these, the same proofs as before can be mimicked. In the proof of Theorem
2’, one has to take care to replace and invoke (97) instead of its baseline model version
condition p; < % < 1 — po whenever the latter one was needed in an argument.

K.4 Agent-Optimal Quasi-referenda

We provide sufficient conditions for the quasi-referenda defined by (12) and also the
generalized quasi-referenda defined by (13) to be also agent-optimal in their respective
settings. That is, they maximize the agents’ payoff guarantee. By this we mean the
percentage of the full-information payoff achieved in the worst-case scenario and as N —
00, by a social planner who has full information about the state and maximizes the agent’s
ex-ante welfare

/p;o e (ti(1) - c) +(1—p)Ea (ti(O) - c) dF (p;).
The first condition is
0<Eg (ti(0)> <¢, and 1> Eg (t,-(1)) >

and means that, when the state is known, policies are ranked in the same way whether
considering the principal’s or the agents’ ex-ante welfare (lower policies are strictly pre-
ferred in state 0 and higher ones in state 1). This means the agents’ full information
payoff is

Er(p:) <EG <tz(1)> - c>

and the agents’ payoff guarantee is

G(Q = it (lminfBr|w=1n) - el —p)(e— ol 0>) Bl | w = 0imw))

e ()

It differs from the principal’s payoff guarantee simply by replacing Pr(w = 0) with Ex(1—

pi)(c ~Ee (ti(o))) and Pr(w = 1) with Ex(p;) (EG (ti(1)> - c).
The second condition is

1 - Ex(p) ¢~ Ee <t1(0)>

Er(p) g, <ti(1)> —c = )

and the relevant implication is that choosing x = 1 in both states yields an agent’s ex-ante
payoff smaller than 1 — & times the full-information payoff.°

Given the two conditions, mimicking Section 4.1’s proof of Theorem 1 shows that the
quasi-referenda (12) maximize the agents’ payoff guarantee across all quasi-referenda.

4OThe payoff from choosing = 1 in both states divided by the full-information payoff is

EF(l—Pi)<C—EG(tv:(0)))
1- , which is smaller than 1 — ¢ if (99) holds.

Er(p:) (EG(ti(l))7C>
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Similarly, mimicking the proof of Theorem 2 in Appendix G shows that the quasi-
referenda (13) maximize the agents’ payoff guarantee across all generalized quasi-referenda.

L Existence of Efficient Equilibria for Quasi-referenda
with a Single Cutoff

Many quasi-referenda with a single cutoff have ex-post efficient equilibrium sequences for
any agents’ information structure for which the mass of one side of the partisans does
not trivially exceed the cutoff, i.e. p; < my < 1 — py. We establish a sufficient condition
for this property, which is that the minimum and maximum policies are increasing, i.e.,
min Q(0) < min Q(1) and max @Q(0) < max (1), and that the ex-post optimal policies
are not excluded, i.e., min Q(0) = 0 and max (1) = 1.

Proposition 7. Take any quasi-referendum with a single cutoff my. If minQ(0) <
min Q(1), max Q(0) < max@Q(1l), minQ(0) = 0, and maxQ(1) = 1, given any agents’
information structure with p; < my < 1—py, there exists an equilibrium sequence (Nn)Nen
for which

lim Pr(z = w|nn, N) = 1.

N—o0

Proof. The equilibrium strategies are found among a parametric set of candidate strate-
gies o7 where an agent with signal s € {0,1} chooses a; = 1 if and only if p; > pp(s)
with pr(s) solving

Pr; <w =1]|pi=pL(s),s = s>

L = .
Pri(w =0 pi = pr(s). s = s)

Note that pz(s) is increasing in L. Hence, the mean action in each state, q(w’;or) is
strictly decreasing in L. We consider a compact set of parameters L € [Ly, Ly], with the
parameter bounds implicitly given by the equations

q(0;01y) = Lm;VNJ, and (100)
a(tioz,) = (101

A preliminary result prepares the formal fixed-point argument that constructs the
equilibrium sequence.

Claim 5. Take any sequence (Ly)nen with Ly € [Ly, EN] forall N € N. The sequence of
the cutoffs (ky)nen of the principal’s best response to (o1, )ven satisfies imy s KL(%N, q(0; ULN)) =

limpy o KL(%N,q(l;o—LN)) > 0.

Proof. The bound Ly € [Ly, Ly] implies 0 < limpy 00 q(0; 07, ) < Hmy o0 q(150p1,) < 1.
An application of the law of large numbers thus shows that information aggregates. In
particular, this rules out the boundary case ky = N because the principal’s posterior
crosses her indifference belief % as a function of k.
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Now, we suppose that

. k , k
lim KL(WN,q(O; O'LN)) + ]\}IE)I;OKL(WN,Q(LO'LN)> (102)

N—oo

and derive a contradiction. Given (102), an application of (17) yields limy_ . Pr(w =
llky + 1;01,,N) € {0,1}, but this contradicts the minimality of ky + 1.

Finally, limy_,o0 KL(EWN, q(0; ULN)> = limy_oo KL(EWN, q(1; ULN)> and limy 00 ¢(0; 07, ) <

q(1; 01, ) together imply limy KL(%N, q(w'; O'LN)) > 0 for ' € {0,1}. ]

We describe the fixed-point correspondence f. It is a mapping on the parameter
space [Ly, Ly|: Take any L € [Ly, Ly]|, any principal’s best response (k, Z) to o, and

the strategy profile n = <0L, (/2:,%)) We claim that U(w’;n) > 0 for any ' and large

enough N, and prove this momentarily. Given (9), the agents’ best response to 7 is then
U(05m)
U(Ln)

maps L to the set consisting of the projections min (max (Ln, LYy), EN> of all such best

the strategy or/ with Ly = € (0,00). We consider the correspondence f that

responses L'y.

The proof of the claim U(w'; ) > 0 relies on our assumptions for the quasi-referendum.
Note that Claim 5 implies that 0 < limy 0 ¢(0;07,) < impy_00 %N <limyeq(ly0p,) <
1. This implies, (a) all collective actions k € {0,..., N} are on path, (b) the principal’s
posterior Pr(w = 1|k;ny, N) is weakly increasing, when N is large enough. The assump-
tions min Q(0) < min@(1) and max Q(0) < max@(1) then imply that (c) under any
principal’s best reply, the choice x(k) is weakly increasing in k, and (d) z(k) < x(k + 2).
Together (a), (c), and (d) imply the claim.

Now we provide a fixed-point argument that constructs efficient equilibrium sequences.
Given the defining equation (100) for Ly, for any N and Ly = Ly,

[mi V]

KL(T,q(O;aLN)) —0< KL(

[m, V]

yq(1; ULN)>-

Claim 5 together with the expressions (21) and (22) for the pivotal likelihoods implies
limy_, Pr (u) = 1|piv; oy, (ky, Zx), N ) = 0 for any sequence of principal’s best responses

(kx,Zn) to or. Consequently,
Ly > Ly forall L'y € f(Ly) (103)
and N large enough. Conversely, for L = Ly,

[mi V] [mi V]

KL( ,q(l;aL)> —0< KL< ,q(O;JL)).

Claim 5 together with (21) and (22) implies limy_,o Pr (w = 1|piv;op, (kn, Zn), N) =1
for any sequence of principal’s best replies (ky,Zxy) to or. Consequently,

L/N < EN for all L?\f S f(EN) (104)

and N large enough. Finally, an application of Kakutani’s fixed point theorem yields a
sequence of fixed points Ly < L} < Ly for which L} € f(L}).
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Finally, we argue that any sequence of fixed points corresponds to an equilibrium
sequence that achieves the full-information payoffs. First, since

Ly < Ly < Ly, (105)

any fixed point L}, is interior when N is sufficiently large, so the corresponding sequence
ory 1s a sequence of equilibrium strategies.
Second, the ordering (105) also holds in the limit as N — oo,

lim Ly < lim Ly < lim Ly. (106)
N—oo N—o0 N—oo

Suppose, for example that limy_,o, Ly = limy_,o L}. Then, since the Kullback-Leibler

divergence is continuous, the same argument leading to (103) would imply limy ., Ly <

limy 0o L}y, a contradiction.
Given (100) and (101), this limit ordering implies

lim (0505 ) <my < ]\}1_{1;0 q(L;ors). (107)

N—oo

for all N large enough. Thus, information aggregates and the principal’s choice is x =
min (0) = 0 in state 0 and z = max@(1) = 1 in state 1, with probability converging
to 1. We conclude that the equilibrium sequence achieves the efficient full-information
payoffs. n

M Interior Mean Actions Imply Trembling-hand Per-
fection

Given the partisans, any equilibrium 7 = (o, (k, #)) has interior mean actions, i.e ¢(w';0) €
(0,1) for w’ € {0,1}. We show this implies trembling-hand perfection (Selten, 1988). By
definition, 7 is trembling-hand perfect if there exists a sequence of completely mixed
strategy profiles (1 )ren With agent strategies (ox)ren and the following properties:

(i) (nx)ren converges to n,
(ii) every player’s strategy in 7 is a best reply to 7y for all k.

It is easy to verify that interior mean actions imply that there is a completely mixed
sequence (1 )ren for which (i) and

(iii) ¢(w';01) = q(w';0) and U(w'; ) = U(w';n) for all w' € {0, 1},

hold. Since the vector <q(w’;0),U(w’;n)> o is a sufficient statistic for the best-
w'e{0,1

response correspondence if the mean actions in each state are interior, given (1) and (2),
(ii) also holds. To conclude, 7 is perfect.
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